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Preface

The Bessel functions, because of their wide use and applications, have various gen-
eralizations. Among them are for example the two-, three- and four-index analogues
of the Bessel functions, as well as the hyper-Bessel functions.

The topics of this book include enumerable families of special functions, as
the above listed, namely Bessel functions and their generalizations with two, three
and four indices, briefly called Bessel type functions in the book. Various properties,
asymptotic formulae, integration operators and some of their applications, zeros of
entire functions represented by integrals, involving Bessel functions, convergence of
series in such families of special functions are studied. Results, analogical to the
classical ones for the power series are obtained, and the conclusion is that each of
considered series has a behaviour like a power series.

The present book has to be considered as a monograph, since it treats a
specialized topic as well as since it is based mostly on the Authors own works. The
book consists of introduction, six chapters and bibliography.

The introduction gives a brief historical overview of the subject matter of this
book. It traces the arising of the special functions, listed above, as well as the prob-
lems concerning them, giving the motivation for further studies and applications.

In Chapter 1 we include some preliminary results on the Bessel functions,
related with them Bessel-Clifford functions and their generalizations, quoting their
definitions. They serve to make the book self-contained.

Chapter 2 has a preparatory nature. Some basic and well-known in the lit-

erature integral representations and asymptotic formulae for the Bessel functions



Preface

are given. Besides, asymptotic formulae are proposed for the generalized Bessel
functions that are necessary for use in Chapter 3 and 4. For illustrations, 3 — D
representations are given, using CAS ‘Maple’ and taking different values for the

parameters.
Chapter 3 considers series in Bessel functions in the complex plane and studies

their convergence, giving results analogical to the classical ones for the widely used

power series.
In Chapter 4 we consider series by means of Bessel type functions, essentially

using the asymptotic formulae for them, obtained in Chapter 2. Studying them, we
obtain various results connected to their geometry of convergence, such as Cauchy-

Hadamard, Abel and Tauber type theorems.
Chapter 5 is devoted to the asymptotic behaviour of zeros of finite Hankel

transforms. The investigations are based on a Hurwitz theorem, who consider ap-

propriate meromorphic functions instead of the entire functions.
Chapter 6 deals with a practical problem, using the finite integral Hankel

transformation for solving. A mathematical model of non-stationary heat convection
of power plants with liquid-rocket engines of non-piloted flying devices working at
rate of strong throttling of the pulling power is represented there. The process
is modeled for using the finite integral Hankel transformation for a hollow axially
symmetrical cylinder with third kind boundary conditions on the inner and outer
combustion chamber wall. Using the graphic of Maple 13 for Windows, it becomes
possible to prognosticate the intensity of the overheating of the chamber and the

nozzle at starting the engine.
The bibliography consists of 68 items, published up to 2018. However, it

does not pretend to be considered as a complete list and interested reader may find

additional references in the monographs and surveys mentioned in Introduction.
The book is performed in the frames of the Bilateral Res. Projects ‘Analytical

and numerical methods for differential and integral equations and mathematical
models of arbitrary (fractional or high integer) order’ between BAS and SANU and
‘Analysis, Geometry and Topology’ between BAS and MANU.
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Introduction

Bessel functions appeared in solving of concrete problems of mechan-
ics and astronomy. They had approved themselves as ones of the
most frequently used special functions in mathematical analysis and

its applications in physics, mechanics and engineering sciences.
They represent the solutions of many problems in the mentioned

areas and give a opportunity for their detailed study, based on the
broad and comprehensive information for the Bessel functions, gath-

ered during almost two centuries.
As examples can be mentioned the axial-symmetric problems,

whose analytic treating leads to linear partial differential equations,
containing the Laplace operator. Their solutions, obtained by the
Fourier method of separating of the variables, in cylindric coordinates,
are expressed by Bessel functions. Because of that, the Bessel func-
tions, as solutions of the Bessel differential equation, are called also

cylindric functions.
In the frames of the classical Complex analysis and Ordinary dif-

ferential equations theory, the Bessel functions are considered as so-

lutions of a linear differential equation of second order with a regular

11



Introduction

singularity at the origin and irregular singularity at the infinity. This
makes the analytic nature of the Bessel functions excessively clear,
which, in general, are multi-valued analytic functions with ‘power’
and/or ‘logarithmic’ singularity at the origin, respectively at the in-
finity. Considering the Bessel functions as a special class of analytical
functions completely reveals their nature. In particular, this refers
to their asymptotic expansions, as well as various integral representa-
tions. As a result of the long-time investigations, a great amount of
results has been created which is widely used in Mathematical analysis
and its applications.

The theory of Bessel functions, details for them and their prop-
erties and applications can be found in the monographs by Watson
[66], Erdélyi et al. (ed-s) [7], Samko, Kilbas and Marichev [56], Whit-
taker and Watson [67], Dzrbashjan [6], Prudnikov [47], contemporary

monograph by Rusev [55], and so on.

As it is well known, the studying of the properties of the complex-
valued functions, which are holomorphic in a complex domain is of-
ten based on the possibility of their representations by series in con-
crete countable systems of functions, holomorphic in the considered
domain. For circular domains, most frequently the Taylor systems are
attracted, that leads to the power series representations. In a ‘right’,
respectively ‘left’ plane, the Dirichlet type series are used. In domains
of more general nature are engaged series in Faber polynomials. Series

in classical orthogonal polynomials are also used.

12



Introduction

The study of the series in the system {J,(z)} -, of Bessel func-
tions of first kind with nonnegative integer indices can be traced back
to the nineteenth century by Carl Neumann. He presented the Cauchy
kernel by bilinear series in these functions and the Neumann ‘poly-
nomials’. Using the last series, it has been proved that the system
{J.(2)}.~, is a basis in the space of complex functions, holomorphic
in the open disk D(0; R) (0 < R < o0), centered at the origin and with
a radius R. The basicity problem of countable systems of Bessel func-
tions has been proved later by other authors, for example Friedrich
Schéafke [59], [60], [61], M. Lehua [23], Paneva-Konovska [35], and so
on. Nowadays, Bessel’s functions have various useful generalizations
obtained by adding additional indices including two-, three- and four-

index Bessel-Wright functions.
Along with the Bessel functions systems, and the results refer-

ring to the convergent series in them, suitable enumerable families of
the Bessel type functions are also specified and considered series in
these functions in the complex plane C. Such a kind of results are
provoked by the fact that the solutions of some differential and inte-
gral equations can be written in terms of series (or integrals, or series
of integrals) of special functions, see for example in Kiryakova [16],
Sandev, Tomovski and Dubbeldam [58], Sandev, Deng and Xu[57],
Herzallah and Baleanu [9], for other applications see also [45], [46],
[65]. In studying their convergence, asymptotic formulae have been

obtained, referring to the ’large’ values of indices.

13
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They are further used for determining the domains of convergence,
i. e. where the series converges and where it diverges, where the
convergence is uniform and where it is not. The boundary behaviour of
the series is also investigated, proving theorems analogical to the ones

for the power series, namely the classical Abel and Tauber theorems.
Regarding the results related to the convergence of considered

series in various families, obtained in this monograph, we can briefly
summarize that they are completely analogical to the ones, connected

with the widely used power series.
Closely related with Bessel functions is the Hankel transform,

which is also known as the Fourier—Bessel transform. Studying a class
of entire functions of an exponential kind, using the ideas of Jensen
and Riemann, the distribution and the asymptotic of their zeros are
found. Distribution of zeros of Hankel transform, involving Bessel

functions in the kernel, is also discussed and found.
As application, a mathematical model of non-stationary heat

convection of power plants with liquid-rocket engines of non-piloted
flying devices working at rate of strong throttling of the pulling power
is represented. The process is modeled for using the finite integral
Hankel transform for a hollow axially symmetrical cylinder with third
kind boundary conditions on the inner and outer combustion chamber
wall. For more general miscellaneous useful properties and applica-
tions of a number operators, see also the recent survey paper [1] by

Bazhlekova, as well as Kiryakova [16] and [18].

14



1 Bessel functions and Related to

them

1.1 Bessel Functions

The solving of a set of problems in the Mechanics and Mathematical
Physics is closely related to the Bessel differential equation
d? d
ZQd—;§+2d—Z+(22—V2)w=0. (1.1.1)
The function J,(z), defined by the equality

0 (_1)k(z/2)2k+u
Jy(z) = ) C\ (—o0,0], 1.1.2
B 3 e Y T
is a solution of this equation in the domain C \ (—o0, 0] (see e.g. [66],
3.1 (8)). It is called Bessel function of first kind with an index v. The
function J_,(z) is also a solution of the above equation. The Bessel
functions of first kind with an integer index are called also Bessel

coefficients. They are holomorphic in the whole complex plane.

15



1 Bessel functions and Related to them

First, let us consider the case when the parameter v is not integer.
Then the linear combinations (see [7], 7.2 (4)—(6)):

Jy(z) cos(vm) — J_,(2)

Y,(2) = (o) , z2€C\ (—00,0], (1.1.3)
HY(2) = J,(2)+iY,(2), zeC\ (—o0,0] (1.1.4)
HP(2) = J,(2) —iY,(2), z€C\ (—o0,0). (1.1.5)

are also solutions of the differential equation (1.1.1). Y,(z) are called
Bessel functions of second kind, and H,Sl)(z), ngz)(z) — Bessel functions
of third kind, or also first and second Hankel functions.

If v is an integer, then the left hand side of the equalities (1.1.3)—
(1.1.5) are not defined. But their limits, when v — n (n is an integer),
exist and they can be used to define the Bessel functions of second

and third kind with an integer index. In particular, we have Y, (2) =
li_r)n Y, (2) ([7], 7.2 (28)), i.e.

V() = 2 |22 (e

T ov

" , 2€C\ (—00,0], (1.1.6)

The functions J,(z) and J_,(2) form a fundamental system of

solutions of the differential equation (1.1.1) iff v is not integer ([66],

16



1.2 Modified Bessel functions

3.12), whereas J,(z) and Y, (z) always form a fundamental system of
solutions of this equation ([66], 3.63). One of the primer motives for
introducing the functions Y, (2) is the necessity of second solution that

is linearly independent of J,(z), when v = n is a nonnegative integer.

1.2 Modified Bessel functions

The solving of some problems in the Mathematical Physics often is

related to the differential equation

d? d
sz—;) + zd—ls — (2 + 1w =0, (1.2.1)

that differs from the Bessel equation by the coefficient of w and it can
be obtained by (1.1.1) replacing iz instead of z.

The system {J,(iz), J_,(iz)}, as well as {J,(iz), Y, (iz)}, are fun-
damental systems of solutions of the equation (1.2.1) in the domain

z € C\ (—o0,0], but more frequently are used the functions ([66], 3.7
(2), [7], 7.2 (12))

L(z) = ]; . F(?lﬁ Vt 5 e\ (- (1.2.2)

and I_,(z). They are called modified Bessel functions of first kind.
The Bessel and modified Bessel functions of the first kind are re-

lated with simple dependence in corresponding domains of the complex

17



1 Bessel functions and Related to them

plane, namely:
I,(z) = exp(—ivr/2)J,(iz), —7 <argz <m/2,
I,(z2) = exp(ivr/2)J,(—iz), —7/2<argz <.
The function ([7], 7.2 (13), (36))

Ky(x) = =B = LG oy o (oo,

2sin(vr)
Ko(2) = (_Ql)n a]gy(z) - agf) ,neZ, zeC\(—o0,0

v=n

is also a solution of the equation (1.2.1). It is called modified Bessel
function of third kind, although the modern definition is given by Mac-
Donald ([7], 7.2.2).

The functions with an index of the kind n+1/2 (n = 0,+£1,...),
called Bessel functions with a half-integer index or also spherical Bessel
functions, form an interesting class of functions. They can be ex-
pressed as rational functions of /z, cosz, sinz and expz. In par-
ticular, the modified Bessel functions of third kind with half-integer
indices satisfy the relations ([7], 7.2 (40), (42), 7.3 (16)):

| L (22) 7T (n+k+1)

k=0
(1.2.3)

p
Kip(z) = w/gexp(—z), |arg z| < . (1.2.4)

18



1.3 Bessel-Clifford functions

1.3 Bessel-Clifford functions

Closely related to the Bessel functions J,(z), are the so-called Bessel-
Clifford functions C)(z). These functions are entire functions of z.

and they have the following representations in the complex plane:

o ::_mJZJ—:m) (—1)"(2)F C 131
A2) = 270(2V2) ;%MF@+k+U’ Ve (1.3.1)

1.4 Generalizations of Bessel functions of first kind

The Bessel functions and their various generalizations, originating
from concrete problems in mechanics and astronomy, have proved
themselves as some of the most frequently used special functions in
mathematical analysis and its applications in physics, mechanics and
engineering.

Generalizations of the Bessel functions (more precisely, of the
Bessel-Clifford functions) involving one more additional index p have
been introduced by Wright [68] and called Bessel-Wright functions or
also misnamed in the literature as Bessel-Maitland functions (after
Sir Edward Maitland Wright), namely:

Wy N (=2)"
J”(Z)_kz:;k! I'(v+ pk+1)"

p>—1, (1.4.1)

for details, see Marichev [26, p.109]; [12, p.336], etc. Initially, Wright
defined (1.4.1) only for © > 0, and on a later stage extended its defi-
nition to p > —1 (see for example [12], [15]).

19



1 Bessel functions and Related to them

More general are the three- and four-index generalizations of the
Bessel function J,, namely generalized Bessel-Maitland (or Wright)
functions introduced by Pathak [42] (for details see also [14]):

) 2 (=1)F(z/2)*
Joa(2) = (2/2) AZ PA+E+DEW+kp+A+1)" (149)

ZEC\(—OO, 0; w>0, vAeC,

and the generalized Lommel-Wright functions, introduced by de Oteiza,
Kalla and Conde (for details and results related to fractional calculus
see [14] and also [44])

Ly V—|—2 >k(2/2)2k
Iy (2) = (2/2) AZ )\+k+ ))"T(v+ku+A+1) (1.4.3)

ZE(C\(—OO,]; w>0 meN, v eC.

One more interesting generalization is the hyper-Bessel function
v, defined by the formula

()

vy +1)...0(v, + 1)
where z, v; € C, Re(v;+1) >0 (i=1,...,m), and

Jim (z) =

3, (2), (1.4.4)

.....

o0 z \k(m+1)
. (—1)F (= 1
i (2) = Z( () — <o, (14.5)

0 1/1+1)k...(1/m+1)k k!7

In view of (1.4.5), the hyper-Bessel functions can be written in the

form:

20



1.4 Generalizations of Bessel functions of first kind

my, 00 2 \k(m+1
J (m) (2) = < ;1 l Z (_1)k (m—|—1) e l
Viyeentm m + 1 ~Dk+un+1).. . T(k+uvy+1) K
(1.4.6)

In 1953, this function was introduced by Delerue [2] as a natural
generalization of order m with vector indices v = (v, v9,...,vy,) (or
with multi-index (v1,...,v,,)) of the Bessel function of the first type
J,. Later, this function was also studied by other authors, for example
by Marichev [26], Dimovski [3], Kljuchantcev [20], [21], Dimovski and
Kiryakova [4]-[5], Kiryakova [12], [13], [17], Paneva-Konovska, etc.

The hyper-Bessel functions of Delerue are closely related to the
hyper-Bessel differential operators of arbitrary order m > 1, intro-
duced by Dimouski [3]. These are singular linear differential operators
that appear very often in problems of mathematical physics as a gen-
eralization of the 2nd order Bessel operator that can be represented

in the alternative forms

d d - d
B =M om B — 1.4.
©dz dz" - ]!:[1 (Zdz i ﬁvk) (147)

8 dm ) dm—l d
- m m—
=z (z —dzm + a1z o1 + ...+ am_lz—dz + am> ,

0 < z < 00, with sets of (m + 1) parameters {«g, aq, ..., an}, or {5 >
0, v, real, k = 1,..m}, or {# > 0, ay,...,a,}. For details, see also

21



1 Bessel functions and Related to them

Dimovski and Kiryakova [4], [5], and Kiryakova [12, Ch.3]. Indeed, as
shown in Th. 3.4.3 and Cor. 3.4.4 in Kiryakova [12], the fundamental
system of solutions of the m-th order hyper-Bessel differential equation

By(z) = Ay(2), A # 0 consist of the set of hyper-Bessel functions

J(m—l)
T =Yoo rkse s I Ym—Vi

(=Y (m)B) 2™ ke =1,...,m,
under assumption of formal arrangement of the y-parameters as v, <
Yo < oo < Y < 71+ 1 and where * means to omit the k-th term in
the indices. And then, the solutions of hyper-Bessel ODEs By(z) =
Ay(z)+ f(2) can be given explicitly in terms of hyper-Bessel functions,
series in them, or series in integrals of them ([12]).

Evidently, the hyper-Bessel functions (1.4.6) are natural gener-
alizations of the Bessel function of the first kind (with m + 1 = 2,

m = 1), ie.

AN G L R
‘]V()(Z)_‘]”(Z)_<_> ;F(k+y+1) Pk (148)

as well as of the so-called Bessel-Clifford functions of 3rd order (m +
1 =3): Cy,(2), depending on two (m = 2) indices and modifying the

hyper-Bessel functions Jygi) (z), namely

Coulz) = 25 JD(3V/z >—i L) =
A D NI T L Dkt DDk v+ 1) B

(1.4.9)

22



1.4 Generalizations of Bessel functions of first kind

see details in [19]. Other interesting special cases of the hyper-Bessel
functions of arbitrary order but with specific choice of indices are the
so-called trigonometric functions of order m, including the generalized
cos,,- and the generalized sin,, j-functions (k = 1,...,m — 1), studied
for example by Kljuchantzev [20], [21], Dimovski and Kiryakova [4],
[5], Kiryakova [12], [13], etc. They appear as solutions of well-known
classical case with particular hyper-Bessel operator B = (%)m. For
example, the solution of the Cauchy problem

is given by:

00 (_1)k ka (m—1) . k
¥(=) = cosn(z) = 3 = AT () with = L
k=0 '

At last, in particular (see e.g. [26, p.110]; [12, p. 352-353)]):

To(2) = Cu(2),  Jhe(2) = JP(2) = Jul(2),  Jg(2) = (2/2)" T4 (2%/4),

2-2\—v
SR = Hia(), Tl = oy el
21—V )
HV(Z) = ﬁF(V + 1/2) SV,V(Z) - Jy,l/Q(Z)7

(1.4.10)

where s, ,(z) and H,(z) denote respectively the Lommel and Struve
functions [7, 7.5.5, (69), (84), Vol. 2].

23



1 Bessel functions and Related to them
In what follows, for the sake of brevity and in order to make the

further presentation clearer, we briefly call the generalizations of the

Bessel functions Bessel type functions.

24



2 Integral Representations and

Asymptotic Formulae

2.1 Preliminary results

One of the most often used representations of the Bessel functions of

the first kind is the Poisson integral representation ([7], 7.12 (7)):

Jo(z) = > ) / (1= 2 Peplizt)dt  (21.1)

V2T (v +1/2
that holds when Rev > —1/2. It served for an origin of many impor-
tant investigations in the area of Bessel’s functions.

The modified Bessel functions of the third kind have the repre-
sentations ([7], 7.12 (27)):

2 ”F +1/2) [
K,(z2) = 22) +1/2) / 2413 V2cost dt (2.1.2)
0

25



2 Integral Representations and Asymptotic Formulae

that hold when Rev > —1/2 and |arg z| < 7/2, i.e., when z lies in the
right half-plane Rez > 0 and Rev > —1/2.

Depending on that, whether the index v or the argument z grow
infinitely, different asymptotic formulae are known for the Bessel func-
tions. So, for example, the Bessel coefficients J,,(z) have the following

representations (see e.g. [67, §17.81]):

z

In(2) = <§>n (140,(2)) %, 0.(z) = 0 asn — oo (2.1.3)

in the whole complex plane. The functions 6,,(z) are holomorphic for
z € C and moreover lim 6,,(z) = 0 uniformly on each compact subsets
of the plane C. S

Note that for 4 = 1 one can obtain corresponding asymptotics
for the Lommel functions, as well.

The Bessel functions have the following representation when z —
oo ([7], 7.13 (3)):

To(2) = % (cos(z S0 —sin(z— A) O (I_il» (214

with A, = 2 4T

5 T for arg|z| < m — ¢ and arbitrary 0 < § < 7.

2.2 An upper estimate

Considering explicitly 6,(z), we can make the result from (2.1.3),

sharper.

26



2.2 An upper estimate

Theorem 2.2.1. Let K C C be a nonempty compact set. Then there
exists a constant C' = C(K), 0 < C < oo, such that for each n € Ny
and each z € K, the following inequality holds

10,(2)] < C/(n+1). (2.2.1)

Proof. First, let z € C. Due to (1.1.2) and (2.1.3), we can write

= Fn +1)! 2k
n—l—lkzz; k:'n—l—k; (5) '

—1)k 1)! 2k
Denoting ux(2) = ( k'z (ZZ)') (g) , we obtain the estimate
l(n !
[un(2)l < )5( (2.2.2)

for the absolute value of uy(z). The series

01 22k
> ‘5‘ (2.2.3)
k=1

converges for each z € C and its sum is exp(|z|?/4) — 1. This shows

that
()] < — = (exp (1s2/4) — 1) (224
n+1
on the whole complex plane.
Then, the estimate (2.2.1) follows immediately from (2.2.4), for

all the values z € K. ]

27



2 Integral Representations and Asymptotic Formulae

Further, the following remarks can be written.

Remark 2.2.1. The uniform convergence of 0,(z) on the compact
subsets of C follows from (2.2.1) as well.

Remark 2.2.2. According to the asymptotic formula (2.1.3), it follows
that there exists a natural number Ny such that the functions J,(2)

have no zeros for n > Ny, except for the origin.

Remark 2.2.3. Note that each of the functions J,(z) (n € Ny), being
an entire function, not identically zero, has no more than finite number
of zeros in the closed and bounded set |z| < R ([27], vol.1, ch. 3, §6,
6.1, p.305). Moreover, because of Remark 2.2.2, no more than finite

number of these functions have some zeros, except for the origin.

2.3 Asymptotic formulae with respect to index v

In this Section we propose some asymptotic formulae with respect to
the index for the generalized Bessel functions and generalizations, i.
e. in the case when indices grow to infinity. These formulas are used
in studying the properties of series of Bessel-Maitland functions, for
example, in the proofs of Cauchy—Hadamard, Abel and Tauber type

theorems for series of such functions, see Paneva-Konovska [34], [40].

Our results are natural generalizations of the known asymptotic
formulae (2.1.3) for the Bessel functions J, when the index n is a

nonnegative integer with n — oo
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2.3 Asymptotic formulae with respect to index v

Further we consider the functions (1.4.1) and (1.4.2) for u > 0.
In this case we prove some asymptotic formulae for ”large” values of

index v.

Theorem 2.3.1. Let u > 0, l|argrv| < w. Then for the Bessel-
Maitland (Wright) functions the following asymptotic formula

{ﬁ@)=FG%T%L+%@»,ZEC, (2.3.1)

0(z) - 0 as Rev — ¢

is valid. The functions 0!(z) are holomorphic for z € C. The con-

vergence 1s uniform on the compact subsets of the complex plane C.

Proof. Let us represent the functions J¥(z) in the form

. B 1 s F(V + 1)(_2)1:
&) =t <1+;k! F(V+uk+1)>

and for brevity’s sake, denote

wiy N~ L +1)(=2)" _ Pw+p+1)
b (z) = ; K'T(v+pk+1) wilvsp) = I'(v+pk+1)
Then we have:
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2 Integral Representations and Asymptotic Formulae

Using the analogues of the Stirling formula (see [7], p.62,(5))
I'(z+1) ~V2rz2z7exp(—2), TD'(z+a)~z2T(2), Rez— oo,

we obtain for large values of v:

) _ J1 for k=2
Rel(}})aoo (" wi(v, 1)) = {0 for k=345,..°
d li = th li =0fork=2,3,4,....
an aSRe(IVI)ILOO(V) 00, enRe(lyr)rioo (wi(v, 1)) or ,3,4,

Therefore, there exists a natural number Ny such that for all v with
Re(v) > Ny the inequalities |wi(v, )| < 1 hold. Now, let Re (v) >
Ny. We have such estimate \W (—2)% < ‘Z—',k for the module of
the common term in the series of the right hand side of (2.3.2). On

S C
the other hand, the series ) |7€—|,k is convergent in C and therefore the
k=1

power series i (7€—’Z,)k is absolutely convergent on the whole complex
plane and un];fzolrmly convergent on the compact subsets of C. There-
fore, the series in (2.3.2) is also absolutely convergent in the whole
plane and uniformly convergent on its compact subsets. The fact that
0! (z) are holomorphic functions follows from the convergence of the
series in (2.3.2). Moreover, using once again the Stirling formula, we
obtain the equality lim <FF(V—+1)> = 0, which proves the theo-

Re (v)—o0 (vtpu+l)
rem. []

Remark 2.3.1. Just mention that replacing w = 1 in the Bessel-
Majitland function gives the corresponding asymptotic formula for the
Bessel Clifford function (1.3.1), namely:
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2.3 Asymptotic formulae with respect to index v

C)(2) = ﬁu +04(2)), zeC,

0l(z) = 0 as Rev — oo,

is valid. The functions 0L(z) are holomorphic for = € C. The conver-

gence 1s uniform on the compact subsets of the complex plane C.

Consider now the generalized Bessel-Maitland (Wright) func-
tions (1.4.2) for indices of the form v =n — 2\, n=0,1,2, ...,

(=1)*(=/2)*

F-aa(2) = (2/2)" 2% T+ k+ D)0 — A+ kp+ 1)

(2.3.3)

o
k=
It is not difficult to see that these are entire functions of z.

Theorem 2.3.2. Let i > 0. Then for the generalized Bessel-Maitland
(Wright) functions (2.3.3) the following asymptotic formula

” _ (z/2)"
T = FR T — A 1)

(1465, ,(2)), 2€C, (234)

n

0 _oaa(2) =0 as n— o0 (n€N),

holds. The functions 6! ,, \(z) are holomorphic functions of z in C.
The convergence is uniform on the compact subsets of the complex

plane C.
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2 Integral Representations and Asymptotic Formulae

Proof. To prove this theorem, we follow the same idea as in the proof

of Theorem 2.3.1. First, for the sake of brevity, denote

1
T ) = :
oA ) = T ) T = At k1)
Then (2.3.3) gets the form

(e.¢]

J;;—Z)\,)\(Z) = (2/2)" Y (=D)" o(n; A ) (2/2)*, 2€C, p>0.

I oaa(2) = vo(m; A, 1) (2/2)" ( +Z —M(Z/Q) >

=1 9

Further,

\_/\/

= unlmn: 5 /2)" Ul(n;)‘wu) - . kvk‘(n;Anu) ~/9)2k
= vl M) (2/2) <1+—Uo(n;m;< S o )

We transform the last sum, after introducing a denotation
vp(m A ) TA+2)  Thh+p—A+1)
vi(m A, u)  TA+k+1) T(n+kp—A+1)
Using again the Stirling formula, we have

lim ( I(n+p— A+ 1))n“) _ {1 for k=2

noo \I'(n 4+ kpu — A+ 1 0 for k=34.5,...

whence we conclude that lim (M> =0 for k=2,3,4,...

nooo \ [(n+ku—A+1)
Denoting
S 1)
0, 2, Az Z )(Z/ 2)
k=1 7 7 /’L
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2.4 Asymptotics for Lommel and Struve functions

and having in mind that

A
lim <U1(n7 7:“)) — 0’
25 \ o )
the rest immediately follows the same way as in Theorem 2.3.1. [

Remark 2.3.2. Let u© > 0. Then the asymptotic formula for the
generalized Lommel-Wright functions follows in the same way and it

1s the following

(2/2)" L4105 (2)), z€C, (2.3.5)

u?m —
Jn—2)\,)\(z) Fm()\ + 1)F(7’L Y + 1)( n—2A\

0, "2 (2) =0 as n =00 (neN),

holds. The functions 0'""5, \(z) are holomorphic functions of z in C.
The convergence 1s uniform on the compact subsets of the complex

plane C.

Remark 2.3.3. Of course, the asymptotic formulae (2.3.4) and (2.3.5)
for the functions J)/_,, \(2), given by (2.3.3), and J", \(2) are found
under condition that the first coefficients in (2.3.3) are different from
zero, elsewhere it should be a little refined. In what follows in this book

we are under this condition.

2.4 Asymptotics for Lommel and Struve functions

As previously mentioned (see end of Section 6.1), the generalized

Bessel-Maitland functions (1.4.2) turn into Lommel functions s, [7,
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2 Integral Representations and Asymptotic Formulae

2, p.50, (69)], for parameter ;= 1. This correlation (see [26], p.110,
(8.3); [12], p. 352-353) can be rewritten as

a—v—+1 a+rv+1

)

Sau(z) = 207 ) T amia (2), (2.4.1)

2 2
— 1
or by taking \ = %, in the form
Saat1—2(2) = 2 TN (a+ 1 = A) Jo sy (2). (2.4.2)

Additionally, if A = 1/2 that is a = v, we obtain from (2.4.2)
the Struve functions [7, 2, p.51, (84)]:
21—1/
1

— ﬁF(V n 1/2) SZ/,V(Z) - <]1/,1/2(2)'

H,(z) (2.4.3)

Then, Theorem 2.3.2 provides the following corollaries.

Corollary 2.4.1. For Lommel functions of form (2.4.2) the asymp-

totic formula

Smant1—2(2) = 2" T(AT(m +1 — A) Jr1n+1—2/\,)\(z)

CEAm TN (10 (), (244
holds, with
Ori1-oan(z) =0 as m — o0 (meN),

the convergence being uniform on the compact subsets of complex z-

plane.
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2.5 3-D representations

Corollary 2.4.2. For the Struve functions (2.4.3), the following asymp-
totic formula follows from (2.3.4) :

H(2) = o) = —mm s (L4 8hap2) 245)

holds, with

971%1/2(2) —0 as n— o0 (n€N),

the convergence being uniform on the compact subsets of complex z-

plane.

2.5 3-D representations

In this section we give examples of 3-dimensional graphs of generalized
Bessel-Maitland functions.

In the first two figures, some functions J#(z) are shown for values
of z = x on the interval [-90, 90]. The cases p =1, p =2, u = 3 are
illustrated. Namely, in Figure 1 and Figure 2 we show the graphics of
the functions with indices 0 < v < 13 and 28 < v < 36, respectively.
In Figure 3 some functions of the type J}_,, ,(2) are illustrated with
indices v € [0,17] and for z = x on the interval [0, 90]. In view of
relation (2.4.2), the first two pictures (u = 1) give 3-D representations
of Lommel functions of the forms s,1,(x) and s,:3,(x), respectively.

Note that, in general speaking, this chapter is mainly based on

the results, obtained in [37].
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2 Integral Representations and Asymptotic Formulae

Figure 2.5.1

Il
w

[

Figure 2.5.2

A=2; p=1 A=2; p=7
]OM 1015

Figure 2.5.3
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3 Bessel Series

3.1 Introduction

As well known, the studies on the properties of the complex func-
tions, which are holomorphic in a given region of the complex plane,
are often based on the possibility of their representations by series in
some particular countable systems of functions, holomorphic in the
considered region. For circle domains, most often the Taylor systems
are used, leading to expansions by power series. The classical orthog-
onal polynomials are also often used. Series in the system of Bessel
functions of first kind with nonnegative indices have been considered
since 19th century by Neumann. To him is due the representation
of Cauchy’s kernel by bilinear series in these functions and in Neu-
mann’s ‘polynomials’. Some important properties of the power series
in a complex domain are given by the classical Cauchy-Hadamard,
Abel and Tauber theorems. Theorems of this type are proven for sev-
eral systems of orthogonal polynomials and entire functions [53], [54],

see also [52]. For this purpose some formulae are used which describe
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3 Bessel Series

the behaviour of the functions for ‘large’ values of the indices. There-
fore, it is useful to know their representations in the case when indices

grow to infinity.

3.2 Classical results for the power series

An important property of the holomorphic functions is their possibility

to be expand by a power series

o
Zanz”, a, € C, n=0,1,2,... (3.2.1)
n=0

Some useful information on the convergence of such a type of series
in complex domains is given by the classical Cauchy—-Hadamard, Abel
and Tauber theorems. Such a type of results were also obtained by
the famous Bulgarian academician N. Obrechkoff [29]-[31].

So, by the Cauchy—-Hadamard theorem, each series of the kind
(3.2.1) is absolutel%/ convergent in the disk D(0; R) with a radius R =

n—oo

by Abel’s theorem, from the convergence of a power series f(z) =
oo

> a,2™ at a point zj it follows the existence of the limit 211_>HZI f(z) =
n=0 0

f(20), when z belongs to a suitable angle domain with a vertex at a

(lim sup |a,| /" and divergent on its outside |z| > R. In general,

point zy. The geometrical series [64, p. 92]:

1

=1—z4+22—-22+.. .,
14z
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3.3 Bessel series

at the point zy = 1 gives an example that in general, the inverse

proposition is not true, i.e. the existence of the limit, mentioned
o

above, does not imply the convergence of the series ) a,z{ without

n=0
additional conditions on the growth of the coefficients.

The corresponding result in this direction is given by the follow-
ing theorem [8, Th. 85].

Theorem 3.2.1 (of Tauber). If the coefficients of the power series
satisfy the condition
lim na, =0
n—00
and if
£1_r>ri f(z) =S (2 — 1 radially),
then the series Y a, is convergent and

o

Z%ZS-

n=0

As a matter of fact, the Tauber theorem has already more than
100 years history. Recently J. Korevaar has published his survey-paper
[22] devoted to the Century Anniversary of complex Tauberian theory.

3.3 Bessel series

Let J,(z) denote the Bessel functions, defined with (1.1.2). Let us

consider the series, defined by means of the Bessel functions, of the
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3 Bessel Series

type

> anu(z), z€C (3.3.1)

and briefly call them Bessel series.

In this chapter we study their geometry of convergence, more
precisely, we determine where these series converge and where they
do not, and moreover, where the convergence is uniform and where it
is not. Their disks of convergence have been found and studied the
behaviour on the boundaries of these domains, proving theorems of
Cauchy—Hadamard, and Abel type. The definitions and main state-
ments, concerning the above mentioned results, have first appeared
in Paneva-Konovska [34, 36]. The asymptotic formulae, obtained for
the Bessel functions in Chapter 2, in the cases of 'large’ values of in-
dices, are used for proving the convergence theorems for the considered

series.

3.4 Cauchy—Hadamard type theorem

In this section the domain of convergence of the Bessel series (3.3.1) is

found and proved the corresponding Cauchy—Hadamard type theorem.

Theorem 3.4.1 (of Cauchy—Hadamard type [34]). The domain of
convergence of the series (3.3.1) is the disk D(0; R) with a radius of
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3.4 Cauchy-Hadamard type theorem

convergence

R=2 (limsup( la,| / T'(n+1) )1/">_ : (3.4.1)

n—oo

More precisely, the series (3.3.1) is absolutely convergent in the disk
D(0; R) and divergent in the domain |z| > R. The cases R = 0 and

R = 0o are incorporated in the common case.

Proof. For convenience, let us denote

Un(2) = anJn(2), by =27 |an| / T(n+1) )", A =1/R = limsup b,.

n—oo

Using the asymptotic formula (2.1.3), we get
un(2) = an(2/2)" (1 +60,(2)) / T'(n+1).

The proof goes in three cases.
1. A =0, then lim b, = limsupb, = 0. Let us fix z # 0.

Obviously, there exists na—> E)umber ]\71—> gfl()h that for every n > N the
inequalities |1 + 0,(2)| < 2 and 2b, < 1/|z| hold, whence |u,(z)| =
b2 |21 + 0,(2)| < 2™, The absolute convergence of (3.3.1) follows
immediately from this inequality.

2. 0 < A < oo. First, let z be in the domain D(0; R), i.e.

|z|/R < 1. Then limsup |z|b, < 1. Therefore, a number ¢ < 1 exists
n—oo
such that lim sup |z|b, < g, whence |z|"b < ¢". Using the asymptotic
n—oo
formula for the general term w,(z) of the series (3.3.1), we obtain

lun(2)| = ' 2|"1 4+ 6,(2)] < ¢"|1+ 0,(2)|. Since 7112]([)10 0,(z) =0, there
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3 Bessel Series

exists Ny such that |1 + 6,(2)] < 2 for every n > Ns, and hence

lun(2)] < 2¢". As the series i 2¢" is convergent, the series (3.3.1) is
also convergent, even absolugglgf.

Now, let z lie outside this domain, i.e. |z|/R > 1. Then limsup |z|b, >
1 and therefore there exist infinite number of values n; of n gv?toﬁ the
property |z|"*b;* > 1. Since nh_{go 0,(2) = 0, there exists V3 so that for
ng > Ns; |14 60,,(2)] > 1/2, ie. |u,, (z)] > 1/2 for infinite number of
values of n. This means that the necessary condition for convergence
is not satisfied and therefore the series (3.3.1) is divergent.

3. A = oo. Let z € C\{0}. Then b,, > 1/|z| for infinite number
of values ny of n, whence |u, (2)| = [z|™ b |1+ 0,,(2)] > 1/2.
In other terms, the necessary condition for the convergence of the
series (3.3.1) is not satisfied, and we deduce that the series (3.3.1) is

divergent for every z # 0. ]

Corollary 3.4.1. Let the series (3.3.1) converges at the point zy # 0.
Then it is absolutely convergent in the disk D(0;|z0|). Inside the disk
D(0; R), i.e. on each closed disk |z| < r (r < R), the convergence is
uniform.

Proof. Indeed, since the considered series converges at the point zy #
0, then its radius of convergence R is a positive number, and moreover
the point z lies either in the disk D(0; R) or on its boundary - the
circle C(0; R). That is why, the disk D(0; |z|) is either a part of the

domain of convergence or it coincides with it, whence the absolute
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3.4 Cauchy-Hadamard type theorem

convergence follows. To prove uniformity of the convergence inside
the disk D(0; R), it is sufficient to show that the series is uniformly
convergent on each closed disk |z|] < r (r < R). To this purpose,
choosing a point ¢, |[(| = p, r < p < R and considering the series
(3.3.1), we estimate |a,J,(z)|. First, mention that some of the values
of J,,(¢), but only finite numbers of them, can be zero. Then, having in
view (2.1.3), as well, there exists a number p, such that the expression

la,,J,(2)| can be written as follows

L [a(2)]

lanJn(2)] = |anJn(Q)| 17,(0))]
. 127||11 + 0,(2)| . 11+ 0u(2)]
=l Ol Gy ano) < O]

for all n > p and |z| < 7.

Because of (2.2.1) and the relation lim = 0, we obtain the

equalities nh_)rglo (1+6,(2)) =1, nh_)Ilolo (1+ 97;?8)@#: 1. Therefore, there
exists a number A such that |1 + 0,(2)||1 + 6,(¢)|™! < A and hence
\anJn(2)| < Ala,J,(C)], for all the values of n > p and |z| < r. Since
the series i a,J,(C) is absolutely convergent and by the Weierstrass

n=0
criterium for the uniform convergence, the proof is completed. []

The very disk of convergence is not obligatorily a domain of

uniform convergence and on its boundary the series may even be di-

vergent.
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3.5 Abel type theorem

It turns out that the Abel theorem fails even for series of the kind

(0.¢]
> ap, 2™, where (ny,ns,...,ng,...) is a suitable permutation of the
k=1
nonnegative integers [64, p.92]. Therefore, it is interesting to know

if for series in a given sequence of holomorphic functions a statement
like the Abel theorem is available. A positive answer to this question,
concerning the series in Laguerre and Hermite polynomials, is given
by Rusev in his monographs [53, Ch. 11, §11.3] and [54, Ch. 4, §4].
Let 20 € C, 0 < R < 00, |29| = R and g, be an arbitrary angular
domain with a size 2¢p < 7 and a vertex at the point z = zj, that
is symmetric with respect to the line passing through the points 0
and 2y, and d, be the part of the angular domain g, closed between
the angle’s arms and the arc of the circle centred at the origin and
touching the arms of the angle. The following theorem refers to the

limit of the sum of (3.3.1) at the point 2y, provided z € g,.

Theorem 3.5.1 (of Abel type). Let {a,}>2, be a sequence of complex
numbers, R be the positive number defined by (3.4.1), F(z) be the sum
of the series (3.3.1) on the domain D(0; R), i.e.

F(z) = Zaan(z), z € D(0; R), (3.5.1)
n=0
and this series converges at the point zy of the boundary of D(0; R).
Then:
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3.5 Abel type theorem

(I) The series (3.3.1) is uniformly convergent on the domain d.,.

(IT) The following relation holds

lim F(2) = D " andn(20), (3.5.2)

n=0

provided z € D(0; R) N g.,.

Proof. (I) To prove the uniform convergence we use the following ge-

ometrical inequality
|2 — 20| cos g < 2([z0| — [2]), (3.5.3)

that is the crucial point of the proof.
So, let z € d,. Setting

k
Si(z) = Z anJn(2),
n=0
k
Si(z0) = Zaan(zo), kll_{lolo Sk(z0) = s, (3:5.4)

n=0

ﬁn — n(ZO) - S, Bn - Bn—l — CLan(Z()),

we obtain
k+p k k+p
Skp(2) = Su(2) = Y andn(2) = Y anJu(z) = Y andu(2).
n=0 n=0 n=k+1

According to Remark 2.2.2, there exists a natural number Ny such

that J,(z9) # 0 when n > Ny. Let k > Ny and p > 0. Then, using
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the denotation
V(23 20) = Ju(2)/ In(20),

we can write the difference Siy,(z) — Si(z) as follows:

k+p Jn(Z) k+p
Skp(2) — Sk(2) = Z aan(zo)J ) = Z anJn(20)n(2; 20).
n=k+1 " n=k+1

Now, by the Abel transformation (see in [27, Vol.1, Ch.1, p.32,
3.4:7]), we obtain subsequently:

k+p
Skp(2) = Se(2) = > (B — Buo1)1n(2; 20)
n=k+1
k+p—1
= BrepTrtn(2: 20) = Bivrs1 (21 20) = > Bl (2 20) — 1nl(2: 20)),
n=k+1

Sk+p(2) = Sk(2) = (Sk+p(20) — 8)Vh4p(25 20) — (Sk(20) — 8)Vk+1(25 20)

k+p—1
Jn(Z) Jn_|_1 (Z) )
+ Sn(z0) — 8) X ( — .
2 Snla) =9 (T = )
So, using the last relation, we are going to estimate the module of the

difference Sy ,(2) — Sk(2) as follows:

|Skp(2) = Sk (2)] < [Sk4p(20) = 8| Vetp(25 20)| 4+ [Sk(20) — || Vet1(2; 20)|

k+p—1
Jn(2) Jni1(2)
+ E Sn(2 X — . 3.5.5
n:k;+1| " Ju(z0)  Jn+1(20) (3.5.5)
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3.5 Abel type theorem

Because of (2.2.1) and the relations lim =0, lim (146,,(20)) "
n—oo N n—00
1, there exist numbers A and Ny > Ny such that |1+ 6,(z)| < A/2 for

all the natural values of n and |1 + 6,,(¢)|7! < 2 for n > Ny, whence

Yn(z,20)| < A forn > Ny. (3.5.6)

Further, setting

o) =)o) _ 2 (L) 2 Lt hle)

= — — X

Jn(20)  Jny1(20) 2 \14+60n(20) 20 14+ 0p41(20)
and observing that j, (20, z0) = 0, we apply the Schwarz lemma, named
after Hermann Amandus Schwarz, for j,(z,z9). Thus, we get that

there exists a constant C' such that:

[n (2, 20)| = [Jn(2)/ Jn(20) = Jns1(2) [ Tnia(20)] < Clz = 20]|2/ 20]",
whence, and in accordance with (3.5.3):

k+p+1

20

Z |jnzzo|<ZC|z—onz/zo|" Clag| x L2200 2010l

al = 2]~ “coso
(3.5.7)

Let € be an arbitrary positive number. Taking in view the third of the
relations (3.5.4), we can confirm that there exists a positive number
Ny > Ny so large that

€ E€COS Y

S5(20) — s| < min ( ) for n > Nj. (3.5.8)
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Now, let N = N(¢) = max(Ny, Ny) and k > N. Therefore (3.5.5)—
(3.5.8) give

2 5 coS ap fag
Skia(2) = Si(2)l < 5+ g Z 2, 20)]
=k+1

2¢ ecosp  2C|z|

60| 20| 8 cosp
that completes the proof of (I).

(IT) The second part of the theorem could be proved in a similar

way, estimating the module of the second summand of the difference

= an(Julz0) = Ju(2) + > an(Julz0) — Ju(2)),

n=0 n=k+1
near’ the vertex of the angle domain g, in the part d,. However,
here we give another proof as a corollary of the first part. Namely, the
uniform convergence of the series along with the equalities lim J,(z) =
Jn(20) (n € Ny) verify the equality (3.5.2) that completzzzjcohe proof

for the considered series. (]

Remark 3.5.1. If the series (3.3.1) has a finite and non-zero radius
of convergence R, it converges at the point zy € C(0; R) and F is the
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3.6 Tauber type theorem

holomorphic function defined by this series in its domain of conver-
gence D(0; R), then by the Theorem 3.5.1 it follows that

lim  F(z) = F(z),

220, 2€dy,

i.e. the restriction of the function I to each set of the kind d, s

continuous at the point z.

3.6 Tauber type theorem

Let us consider the series Y a,, a, € C. Let 2y € C\R and || = R.
n=0
Since all the zeros of J,(z) are real, then J,(z)) # 0. Now, for the

sake of brevity, we denote

Ti(520) = 5 ((ZO)’ 2€C. (3.6.1)

Let the series -
F(z) = anJ;(z 2) (3.6.2)

n=0

be convergent for |z| < R. Then the next theorem is valid.

Theorem 3.6.1 (of Tauber type). If there exists

lim F(z) =5 (|]z] < R,z — 2y radially)

Z—r20

and
lim na, =0, (3.6.3)

n—oo
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¢]

then the series > a, is convergent and
n=0

k k 00
Z a, — F(z) =) a,— Z anJ;(2; 20)
n=0 n=0 n=0
k 00 k 00
Jn(ZO) Jn<z) Jn(ZO) - Jn(z) Jn(z)
= ay, — a, = ay, — ay,
2 2 T A 2 )
and therefore,
k k Tz )
n\ <0
> Pl < Y ol [ Zm
n=0 n=0 =k+1
(3.6.4)

By using the asymptotic formula (2.1.3) for the Bessel functions of

first kind, we obtain:

. jj(fg) ., (_) 11+f;;(j§;> o (_) (14 8.(z:20))

Let € be an arbitrary positive number. We choose a number

N so large that the inequalities |1 + 05(z; 20)| < 2, |kax| < ¢ hold as
k> Ny. If k> Ny and z is on the segment [0, 2y, then for the second

summand in (3.6.4) the following estimate is valid:

Z | n| Z !an\

n=k+1 =k+1

Aﬁ(z;ZO)
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3.6 Tauber type theorem

k+ —k— 00 n
<2|= Z ad | =) <D el | = (3.6.5)
0 n=k+1 n=0
(n+k+1 /6 2"
=2 <2
Z n+k+1 Zn+k+1
2 £ 1 el |
/4:61—\,2/,20\ T3k 20| — |2|
Now let us consider the first summand in (3.6.4). We have:
k
In(2)
Z\nl Zln\ ) + >
n=m+1

Accordlng to Schwarz’s lemma, there exists a constant C' such that

In(20) — Jn(2)
Jn(Z())

Moreover, there exists a number Ny such that the following inequality

Z |y

< Clz — 2.

20) — Ju(2)
(20)

< Clz—z| k=

& J
> lal
n=0

holds as k > N,. It remains to estimate the sum

S [ [ 220 = B

n=m+1

( 0)

To this end, using asymptotic formula (2.1.3) for the Bessel functions

of first kind, we find consequently:

Jn(z0) = Jn(2) _ (20)"(1 + On(20)) — 2"(1 4 0n(2))
Jn(20) 20 (1 +6,(20))
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3 Bessel Series

(2 -6) M

Therefore,
Jn(20) 20 20 14 0,(20)
We obtain the following inequalities
z\" z z 2\’ 2\ z
) ez () (2) e
<0 <0 <0 <0 <0 <0

for the first summand of (3.6.7). According to Schwarz’s lemma, there
exists a constant p such that

0,(z) — 0,,(20)

<1 as |z — 20| < p.

Then, for such |z|, we obtain for the second summand of (3.6.7):

n n

i 6n<2) — en(ZO) < i ‘Z _ ZO|-
20 1+ Qn(ZO) 20
From (3.6.3) it follows that
k k
> nfay)| > lan)
lim a, =0, lim =t —— =0, lim =L— =0.
n—00 k—oo k k—oc0
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3.6 Tauber type theorem

Then a number N3 exists such that

k k
> el > o
il < d = < k > Nj.
k sA+R) K 31+ R © 3
Therefore,
k k k n
In(20) — Ju(2) 2z z
n < n I —— nl |~ -
nz;—l |a ’ Jn(Zo) B nzzm;—ln‘a | +n=;+1 |a | ‘Z ZO‘
k k
2 el > o
<k = k|2 — 20 = 3.6.8
e L == (36.5)
1+Re €
_ (1 — — 2| —.
< k|z — 2| 7 3( +R)=kFk|z ZOlBR

Jn(ZQ) — Jn(z)

n=0 n=0 Jn(Z())
k 00
In(20) — Jn(2) Jn(2)
+ an, + Qp
IR T AP P ey

Let N = max(Ny, Ny, N3),k > N and |z — z9| < p. Then by using

(3.6.5), (3.6.6), (3.6.8), we can conclude that

’“ 2
Z a, — F(2) 0
n=0

€ el
3k |zo| — |2]

— 20| K
< |z = 2 iR

—I—k:\z—zd%—k

23



3 Bessel Series

£ 2k‘ |+1 | 20|
=-|=lz—% - .
3 | R Tk 2] — 2|

If we substitute z by z(1 — 1), then

k
Zan — F (20(1 — | fraclk))| < %3 =e.
n=0
k
This proves that lim > a, exists and equals lim F (z(1 — 1)), i.e.
k—00 5,20 k—o00

00 ' 1
Zan = kh_)rgoF <z0(1 — E)> = 5.

n=0

Thus the theorem is proved.
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4 Bessel Type Series

4.1 Introduction

Consider again the Bessel type functions (1.4.1), (1.4.2) and (1.4.3)
with more additional indices. In this Chapter we consider series in such
functions and call them Bessel type series. We prove the corresponding
Cauchy—Hadamard, Abel and Tauber type theorems for them.

Let us begin with the series of the kind

oo

> anJi(z), Jh(z)=z2"JMz), z€C, p>0, (4.1.1)
n=0

with complex coefficients a,, and continue with the series of the kind

oo

D andl o\ (2), z€C, p>0, (4.1.2)
n=0

respectively
> an i \(2), z€C, p>0, (4.1.3)
n=0

also with complex coefficients a,. Actually, the series (4.1.2) is a

particular case of (4.1.3) and can be obtained setting m = 1 in (4.1.3).

25



4 Bessel Type Series

4.2 Cauchy—Hadamard type theorems

The following two statements give the domain of convergence of the
series (4.1.1).

Theorem 4.2.1 (of Cauchy-Hadamard type). The domain of conver-
gence of the series (4.1.1) is the circle domain |z| < R with a radius
of convergence

R = (limsup( |ay,| / T'(n+ 1) )Y")~L. (4.2.1)

n—oo

The cases R =0 and R = oo are incorporated in the common case.

Corollary 4.2.1. Let the series (4.1.1) converges at the point zy # 0.
Then it is absolutely convergent in the disk D(0;|zo|). Inside the disk
D(0; R), i.e. on each closed disk |z| < r (r < R), the convergence is

uniform.

Proof. Using the asymptotic formula (2.3.1) instead of (2.1.3), the
proofs of Theorem 4.2.1 and Corollary 4.2.1 go in similar ways as the
proofs of Theorem 3.4.1 and Corollary 3.4.1. We omit them. ]

Further we only formulate the corresponding statements for se-
ries (4.1.3) by means of the functions J"y, \(2), given by (1.4.3).
Their proofs use the same idea, but the asymptotic formula (2.3.5).

Theorem 4.2.2 (of Cauchy-Hadamard type [40]). The domain of
convergence of the series (4.1.3) is the disk D(0; R) with a radius of
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4.3 Abel type theorems

convergence

R=2 <lim sup( |an| / T(n — X+ 1) )1/”) N (4.2.2)

n—oo

More precisely, the series (4.1.3) is absolutely convergent in the disk
D(0; R) and divergent in the domain |z| > R. The cases R = 0 and

R = oo are incorporated in the common case.

Corollary 4.2.2. Let the series (4.1.3) converges at the point zy # 0.
Then it is absolutely convergent in the disk D(0;|z0|). Inside the disk
D(0; R), i.e. on each closed disk |z| < r (r < R), the convergence is

uniform.

4.3 Abel type theorems

Let zp € C, 0 < R < 00, |%| = R and g, be an arbitrary angle domain
with size 2¢p < 7 and vertex at the point z = 2y, that is symmetric
with respect to the line passing through the points 0 and z;. The

following theorem is valid.

Theorem 4.3.1 (of Abel type). Let {a,}>, be a sequence of complex
numbers, R be defined by (4.2.1) and let K = {|z| < R}. If f(2) is the

sum of the series (4.1.1) on the domain K and this series is convergent

at the point zy of the boundary of K, then lim f(z) = 3 anJ"(2),
Z—r20 n=0
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4 Bessel Type Series

when |z| < R and z € g, i.e.

lim f(2) = z_;aanj(zO), Z € g, (4.3.1)

Proof. Consider the difference

A(z) =Y andi(z0) = f(z) = Y _an(Ji(z0) = Ji(2),  (4:32)

representing it in the form

k 00
A(z) = an(Jh(z0) = JEE) + Y anlJh(20) = J4(2))
n=0 n=k+1
Let p > 0. By using the notations
Bm: Z a'nj/#(z())n m>k7 Bk: ;
n=k+1

Y(z) = 1= J8(2) /Tl (2),
and the Abel transformation (see in [27, Vol.1, Ch.1, p.32, 3.4:7]), we

obtain consequently:

k+p k+p
> an(Jh(z0) = T (2) = D (B = Bu-1)m(2)
k+p—1
= 6k+p’7k+p(z) - Z Bn(’Yn—H(Z) - f)/n(z))a
n=k+1
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4.3 Abel type theorems

k+p k+p
> an(Jh(z0) = ) = (1= T, () /Ty (20) Y andi(z0)
n=k+1 n=k+1
S SS g ( G Tia(2)
— asJ! (20)) (=~ — ol .
n%l(s;l ( ))(J#(ZO)) J#Jrl( )))

From the asymptotic formula (2.3.1), it follows that there exists a
natural number M such that J/(z) # 0 when n > M. Let k > M.

Then, for every natural n > k:

Ti(2)] i (z0) = Ta ()] T (20) = (2/20)" (4.3.3)

(OG04 (20) — (2/20) (1 + 6,41(2)) (L + 67 (20)
(1+ 05 (20))(1 + 051 (20))
For the right hand side of (4.3.3) we apply Schvarz’s lemma [27, v.1,

p.317]. Then we get that there exists a constant C"

[T5 () TH(z0) = i1 (2) ] T (20)] < Clz = 2o/ "

Analogously there exists a constant B:

1= JE,(2)/ T (20)] < Blz — 2| < 2Blz|.
Let € be an arbitrary positive number and choose N (¢) so large that

for k£ > N(e) the inequality

| > auJ!(20)| < min(e cos ¢/ (12B]z0]), € cos o/ (6C| )
s=k+1
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4 Bessel Type Series

holds for every natural n > k. Therefore, for k > max(M, N(¢g)):

[ D audl(z0)] < min(e cos ¢/ (12B]z0]), € cos / (6C] 20 ),

s=k+1
and
) an(J4(z0) = JH(2))| < (ecos/6)(1+ > |z0] |z — 20ll2/20]")
n=k+1 n=k+1

< (ecos/6)(1 + [z — z0l/(|20] = [2])).
But near the vertex of the angle domain g, in the part d, closed
between the angle’s arms and the arc of the circle with center at the
point 0 and touching the arms of the angle we have |z—zo|/(|z0| —|2|) <

2/ cos p, i.e. |z — zg|cosp < 2(|z9| — |2|). That is why the inequality

[ ) an(Jh(z0) = JH(2))| < (ecosg) /6 +e/3<e/2  (4.3.4)

holds for z € d, and k > max(M, N(¢)). Fix some k > max (M, N(¢))
and after that choose (&) such that if |z—zy| < d(&) then the inequality

| zk:an(j;éb(z()) — Ji(2)] < /2 (4.3.5)
holds inside d,. We ges
A=) =1 an(Ji(20) = Ji(2))
n=0
for the module of the difference (4.3.2). In view of (4.3.4) and (4.3.5),

the equality (4.3.1) holds. O
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4.4 Tauber type theorems

Analogical result, which proof goes analogously, can be formu-

lated for the series (4.1.3). Namely, the following theorem holds true.

Theorem 4.3.2 (of Abel type, [38]). Let {a,}°°, be a sequence of
complex numbers, R be defined by (4.2.2) and let K = {|z| < R}. If
f(2) is the sum of the series (4.1.3) on the domain K and this series

is convergent at the point zy of the boundary of K, then lim f(z) =
Z—r20
oo

OanJﬁ’_";A’A(zO), when |z| < R and z € g,, i.e.

n=

zh_{rzlo f(z) = Z; andy o\ 2 (20), 7 € gp (4.3.6)

In particular taking m = 1, the Abel type theorem for the series
(4.1.2) follows.

4.4 Tauber type theorems

Beginning this Section, we make the following important remark.

Remark 4.4.1. According to Theorems 2.3.1 and 2.3.2, it follows
that there exists a natural number M such that the functions J!(z),
Jhoa(2), and J7 o, \(2) have no zeros for n > M, possibly except
for the zero.
o
Now, et us consider the series Y a,, a, € C. Let

n=0
29 € C, ‘Z()|ZR, 0 < R < o0, J#(Zo)#o forn=0,1,2,... .
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4 Bessel Type Series

For convenience, denote

I (25 20) = (}Zfé:) (4.4.1)

o
Let the series ) a,J;; ,(2; 20) be convergent for [z| < R and
n=0

o

F(z2) =) and;,(z:20), |2] <R (4.4.2)

n=0

Theorem 4.4.1 (of Tauber type). If {a,}72, be a sequence of complex
numbers with
lim na, =0, (4.4.3)

n—oo

and there exists

lim F(z) =S (|z| < R,z — 2y radially),

Z—r20

(0.¢]
then the series > a, is convergent and
n=0
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4.4 Tauber type theorems

Ji(z)

= — an,v
n=0 J#(ZO) n=0 J#( )

k B(sn) — JH(2 00
:Zaan( (,)v) Il )— Z anty (25 20)

n=k+1

+Z\an|| zzo}

n=k+1
(4.4.4)
By using the asymptotic formula (2.3.1), for the Bessel-Maitland func-

tions, we obtain:

2\ 1+0(2) z\" ~
nJ n| — 5 = n\ (1 en ) )-
and, (2 20) = a (Zo> T4 0 (=) a - + 6. (25 20)
Let € be an arbitrary positive number. We choose a number N;
so large that the inequalities |1 + 5k’u(z; 20)| < 2,lkax| < g hold for

k> N;. If £ > Ny and z is on the segment [0, 2y, then for the second

summand in (4.4.4) the following estimate is valid:

Z ]anHJnuz 20 ‘— Z \an|

n=k+1 n=k+1

Z Ian!

n=k+1

|1 FOnu(z20)]  (4.4.5)

k+ n—k—1

0 Z n
<2 Z |anit1] | —
2
n=0
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4 Bessel Type Series

n
zZ

z " - e/6
_ <2 |
nZ:;nJrkJrl

20

[(n+k + 1)an g
=2
Z n+k+1

2 £ 1 el |x
k61—\z/zo\ T3k |z0| — |2]

Now let us consider the first summand in (4.4.4). We have:

Zlan\

J#( )
¥ . J! — Jh(z)
;' g f#( Em:‘ ”' J“<ZO> |

According to Schwarz’s lemma, there exists a constant C' such that

~

Ji(z0) = Ji(2)
J#(Zo)
Moreover, there exists a number N, such that the following inequality

< C|z — 2.

m

2 x|

- Jh Jh ~
> Jan ”(z‘l)ﬂ n(2) < 0|z—zo\k"—0k (4.4.6)
n=0 Jn (ZO)
< C| = |z — 20| k—= c
3RC 3R
holds as k > Ns. It remains to estimate the sum
S [ | h0) = ThC2)
n=m+1 J#(ZO)
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4.4 Tauber type theorems

To this end, using asymptotic formula (2.3.1) for the Bessel-Maitland
functions, we find consequently:

Th(z0) = Ji(z) _ (20)"(1+ 0h(z0)) — 2"(1 4 04(2)) _ 1_(»2 )n 1+6,(2)

) 1+ 0% (z)

Ji(20) 2 (14 0n(20))

(2 e ()

Therefore,
TH _ Ju n nlgn( 5 — e
Jh(20) 20 20 1+ 0n(20)
We obtain the following inequalities
2\" z z 2\ 2 2\ z
)l (2) s () e
<0 <0 <0 <0 <0 <0

for the first summand of (4.4.7). According to Schwarz’s lemma, there

exists a constant p such that

05(2) = 05(=0)
1 + 9%(20)

Then, for such |z|, we obtain for the second summand of (4.4.8):

<1 as |z — 20| < p.

n n

2|7 |01 (2) — 01 (2) 2
— m e ‘Z - Zo|.
20 1 + en(Z()) 20
From (4.4.11) it follows that
k k
> nfay)| > lan)
lim a, =0, lim =t —— =0, lim =L— =0.
n—00 k—oo k k—o0
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4 Bessel Type Series

Then a number N3 exists such that

k k

> el > jal
il < d = < k > Ns.
k 31+R) K 31+ R) 3
Therefore,
k
J,U
Z 0] |2 )M Gl N a1 - = (4.4.8)
n=m-+1 J (ZO) n=m-+1 <0
k k
oy 2l poge
+ Z ]an| - ka0
n=m++1
1+R € £
<klz— =kl|z — 2| z=.
2wl = s TR AR

Finally, let us note that

n=0 n=0 J#(ZO)
k ~
JH(z
+ D la] ”(°~H 4SS a2 20)]
nem-+1 Jn (20) n=k-+1

Let N = max(Ny, Ny, N3),k > N and |z — z9| < p. Then by using
(4.4.5), (4.4.6) and (4.4.8), we can conclude that

el ‘Z()’
3k |zo| — |2]

)| <l|z— 20|k =

+k3\z—z|i+
— 3R "'3R
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4.4 Tauber type theorems

R

[l
3 Tk Jao] = |4

If we substitute z by zo(1 — 1), then

i 1 €
> an—F (z0(1 - —)) <-3=c¢.
k 3
n=0
k
This proves that lim ) a, exists and equals hm F (zo(l %)), ie.
k—o0 5,0 k—oo
= 1
Zan = hm F (zo(l — —)) =S5.
— k—00 k
Thus the theorem is proved. ]

Remark 4.4.2. In the particular case p = 1 of the above considera-
tions we obtain the results published in [36] for series >~y andn(2)
in terms of Bessel functions J,(z) = (2/2)" JL(z*/4).

The result related to the generalized Lommel-Wright functions
(1.4.3) is only formulated, because their proofs goes in the same way,
but using specifics of the corresponding asymptotic formulae.

Note that each function J2'7 “oan(2), n € Ny, being an entire func-
tion, not identically zero, has at most a finite number of zeros in the
closed and bounded set D(0; R). Moreover, due to Remark 4.4.1, only
finite number of these functions may have some zeros at all, possibly

except for 0.

67



4 Bessel Type Series

Let 20 € C, |20 = R, 0 < R < oo, and J)y, \(20) # 0 for
n=20,1,2,.... For the sake of brevity, we denote
Jnﬂ—,rg/\,)\(z)

;,)\,/,L,m(z; ZU) - JH

22 (4.4.9)
o2 (20)

o
Let the series » anJ; ) .. (25 20) be convergent for [2| < R and
n:O e )

o0

F(2) = andyyum(zi20), |2] <R (4.4.10)

n=0

Theorem 4.4.2 (of Tauber type, [38]). If F(z) is given by (4.4.10),

{an,}22, is a sequence of complex numbers with

lim na, =0, (4.4.11)

n—oo

and there exists lim F(z) = S (|z| < R,z — 2z radially), then the

Z—20

0 0
series Y an is convergent and Y, a, = S.
n=0 n=0

Finally, the corresponding result for the series by means of func-
tions (1.4.3) follow by Theorem 4.4.2; taking m = 1, and this case is
considered in [39].

In conclusion to note that the results obtained in both Chapters
3 and 4 are completely analogical to the known classical ones for the

power series.
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5 Zeros of Finite Hankel Transforms

5.1 Problem of Zeros Distribution of a Class

of Entire Functions of an Exponential Kind

The problem of zero distribution of entire functions of the type

—+00

j F(t)exp( izt )dt., (5.1.1)

was posed by the famous Danish mathematician and engineer Johan Ludwig
William Valdemar Jensen, mostly known as Johan Jensen [10]. The reason for
the consideration of Jensen's work is the fact, as Riemann noticed [49], that the
distribution, respectively the asymptotic behavior of the zeros of the entire
functions of the type (5.1.1) is closely related to important problems of the

analytical theory of numbers.

Particular case of the entire functions of the type (5.1.1) are the

functions
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In the Polya work, which is mainly devoted to

5 Zeros of Finite Hankel Transforms

a

jf(f)exp(izf)df , 0<a<ow, (5.12)

—a

As the first Polya studies show, the problem for the distribution of zeros
of the entire functions (5.1.1), respectively (5.1.2), differ significantly.
This difference is primarily due to the fact that the integral (5.1.1) presents at
all an entire function with an order greater than one, whereas (5.1.2) represents
an entire function of an exponential type, i.e. an entire function of an order, less
than or equal to one, and a normal type. Accordingly, the methods for studying
the entire functions (5.1.1) and (5.1.2) are different.

In the Pdlya work [43], which is mainly devoted to the entire
functions of the type

1

U(f;z)zjf(t)cos(zt)dt (5.1.3)

0

and
1
V(fiz)= f 7(1)sin(zt )dt, (5.1.4)
0

which are a particular case of (5.1.2), a method is proposed for studying
the distribution of their zeros, which can be called a method of integral
sums. This method is based mostly on the relationship that exists between
the distribution of the zeros of the entire functions (5.1.3), respectively

(5.1.4), and the distribution of the zeros of the polynomials
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5.1 Problem of zeros distribution of the zeros of a class

of entire functions of an exponential kind

P(f;z)=) f(kin)z". (5.1.5)

k:

o

In [43] Pdlya also gets statements about the mutual distribution of
the zeros of the entire functions (5.1.3), respectively (5.1.4), and the entire
functions sinz and cosz, based on a result of Hurwitz. Hurwitz's idea is

to look at the meromorphic function U(f;z)/sinz or U(f;z)/cosz

instead of the entire function U ( f ;Z). Namely, the representation of this

meromorphic function as the sum of the respective partial fractions is
considered.

Polya's work gives impulse to numerous research and publications
in this direction, mainly by Bulgarian authors. Significant contributions
are given by academics L. Tchakalov, N. Obrechkoff, L. Iliev. Their
research finds continuation in the works of E. Bojorov, K. Dochev, P.
Rusev, D. Dimitrov and others.

This Section examines the asymptotic behavior of the zeros of the

entire functions of types (5.1.3) and (5.1.4).

It turns out that in some assumptions about f (t ) the zeros of the

entire functions (5.1.3) and (5.1.4) approach the zeros of SInz and
COS Z respectively. The order of this approximation is determined by the

order of magnitude
U(finz), U'(finz) u V(f;(n+1/2)7z ), V'(f;(n+1/2)7z)

as functions of .

71



5 Zeros of Finite Hankel Transforms

Similar problems were also considered by Rusev [50], [51], and

Kassandrova [11].
An important role in the further exposition is played by a theorem of

Hurwitz [43] for U(f;z) and its analogue for V' (f;z), which states the
following.

Theorem 5.1.1 (of Hurwitz). If the real function f(t), defined and

integrable in absolute value in a Riemann sense in the interval [0, 1], for
every integer value of p satisfies the inequality
U(f;nz) U(f;(n+1)z)<0,
respectively
V(f;(n=1/2)z)V(f;(n+1/2)7)<0,
then the entire function U(f;z) (pecn. V(f;z)) has only real and simple
zeros which are so distributed that each of the intervals
...,(— 3r, —27[),(—277, —72),(— T, 0),(0, 77),(77, 27[),(27[,37[), e
respectively

o(=3712,-712),(-712,712),(x12, 3212), ...,

contains exactly one zero.

5.2 Auxiliary Statements
Lemma 5.2.1. [32] Let [ (t) be a real-valued function, defined in the
interval [0, 1], two times differentiable and f "(t) be absolutely integrable

in the Riemann sense. If the conditions
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5.2 Auxiliary statements

SO r)#o,
are fulfilled, then there exist a natural number N and positive constants

Co, Cy, Cy, such that for every integer number n and real x, for which

‘ n‘ >N, ‘ X‘ > N, the following relations hold true:
‘U(f;n;z)‘SCO /nz, ‘U'(f;nﬂ)‘ZCl/‘n‘, ‘U"(f;x)‘SCZ/‘x

sign(U (f;nx)U'(f;nz))=sign( nf(1)/'(1)). (5.2.2)

. (5.2.0)

Proof. Let n be an integer number and x be a real number. Integrating

by part, we consequently obtain the following equalities

1

(nz)’

"

0" )= 11(0))-

)dt,

U(f;nﬂ): (

U'(f;nﬂ) l)nf —LJ‘ +tf cos(nﬂt)dt,

—_—

SlIl X

U"(f3x)=- +XJ' 2f(t)+ 2 £'(1) ) sin(xt )dt

(=)

Further on, since

1

lim | (20/(e)+ 227" (¢)) sin(xt ) de =0,

X—>0
0

1
lim | f"(¢) cos(nxt)dt=0

n—>0
0
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5 Zeros of Finite Hankel Transforms

1

lim | (f(¢)+2f'(¢)) cos(nzt)dt=0,

n—>00
0

the conclusion of the lemma follows immediately. Analogously can be
formulated and proved such type of lemma for V' (f;z). The result is given
bellow

Lemma 5.2.2. [32] Let f(l‘) be a real-valued function, defined in the
interval [0, 1], two times differentiable and f"(t) be absolutely integrable
in the Riemann sense. If the conditions

10)£(0)=0. 7(0)=0,
fulfilled, then there exist a natural number N and positive constants

Co . Cy, Cy, such that for every integer number n and real x, for which

|n|> N, | x|> N, the following relations hold true:
V(fi(n+1/2)m)|<Co [n*, |7 (fi(n+1/2)7)|2 G/
7 (fix)| <Gy Jx
sign(V (f:(n+1/2)x )V (f:(n+1/2)x)) =sign( nf(1) /(1))

b

b

5.3 Asymptotic Behaviour of the Zeros

Letting » an integer number, we denote with x,, the zero of (5.1.3), which

is in the interval ( (n—1)z, nx )
Theorem 5.3.1 [32] Let f (t) be a function, satisfying the conditions of

the Hurwitz theorem [Section 5.1]. Let additionally
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5.3 Asymptotic behaviour of the zeros

a) f(l‘) be two times differentiable in the interval [0, 1];
0) ‘ f "(t)‘ be integrable in the Riemann sense;

0 |05 0)
r) f(1)=0.

b

Then there is a natural number N and a constant C>0, such that the
following inequalities

| X, —nz|<C/|n

L if U(finm)U'(fsnm) >0,
and

| X1 — 7| < C/|n

L if U(finm) U'(f3nm) <0,

hold true, for every integer n with | n|> N.

Proof. Let f (t) fulfills the conditions of the theorem and hence the

conditions of the Hurwitz theorem. Then the function defined by equation
(5.1.3) has only real and simple zeros, distributed so that each of the
intervals

...,(— 3, —27[),(—27[, — 72'),(— T, 0),(0, 72'),(72', 27z),(27z,37z),
contains exactly one zero. According to Lemma 5.2.1 there is a natural

number N, and constants C,, C;, C,, such that inequalities (5.2.1) are

fulfilled, provided only | n|> Ny, | x|> N;. Let us denote
N =max( Ny, (9C,C,)/(4C2) +1, (3C,)/(2C7) )
andlet|n+1|>N, |n-1|>N, xe((n-1)z, (n+1)7).

Further, the following equality holds true for U( f;z):
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5 Zeros of Finite Hankel Transforms

U(f;x):U(f;mz)+U'(f;n7z)(x—n7z)+U"(g;g)(x—nﬂ)z, (5.3.1)

for &e((n-1)x, (n+1)z ). Depending on the sign of the product

U(f;nz)U'(f;nx), using the equality (5.2.2), a few cases can be

considered.

(I). Letting U (f;nz )U'(f;n7)> 0, we define

(I1). Let U(f;nz)>0, U'(f;nz)>0 first. Because of (5.2.1)
and (5.3.1), we obtain consequently

U(f;n;z)SCo/nz, ~U'(finr)<-C/

U (f:8)| <G/ ¢

n

> b

. 3¢, 1 U'(f:€) (3¢, 1
U(F320)=U (finm) =0 (fimm) 32 (2 ).chij =y

from where the inequalities sequence follows:

1 c, U'(f:¢) (3¢,) 1
U(f;xo)ﬁ——-—g+ (2 )(2C(1)j —

2 n n

<0. (5.3.2)

(1.2). 3a U(f;nr)<0, U'(f;nr)<0, due to the obvious

inequalities
U(finr)2-Cy[n*, -U'(finz)2=C /] ,
we obtain
. 1 ¢, U'(f:€) (3¢,)° 1
U(f,xO)Z—E-n—z—l- 5 '(2(?1) -n—2>0. (5.3.3)

From (5.3.2) and (5.3.3) we can conclude that
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5.3 Asymptotic behaviour of the zeros

U(f; % )U(f;nz)<0.
Therefore, if U(f;nz)U'(f;nz)<0, the zerox, of the function
U(f;z) is in the interval ( Xy(n), nz ). Therefore, there is a positive
constant C, for which inequality | x, — nz| < C/ |n| holds true.
(I). Let U (f;nz )U'(f;n7) <0 and let us define

3 Cy 1
Xo(n):nﬂ'—FE'??'H.

(IL.1). Letting U (f;nz ) <0, U'(f;nz)>0, we consider U(f;x;).

Additionally, bearing in mind the inequalities (I112.6), we consequently

obtain:
U(fsxo)=U(fsnz)+U'( nﬂ)é'&-iJrU"(f;é:)'(scojz-i
2
1 G  U'(f:¢) (3C0j 1
X0 )2 T : —>0. 53.4
U(fs5x) Sty ) > (5.3.4)
(I1.2). If U(f;mr)>0, U'(f;nyr)<0,we have
1 G, U"(f3$) (3Cj2 1
U(fsxg)S—5 =5 | =0 . <0. 53.5

From (5.3.4) and (5.3.5) we conclude that U(f; xy )U(f;nz)<0.
Therefore the zero x,.4 of the function U(f;z) lies in the interval
( nz, x(n) ), i. e. there exists a positive constant C, for which

| X,.1 — nx| < C/|n|, which proves Theorem 5.3.1. O
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5 Zeros of Finite Hankel Transforms

Example 5.3.1. Let us consider the function f(f)=t*. We obtain the
following equality for U (f;nz):

2

U(t®nz)=2(-1)"/(nz)".
Therefore the inequalities
U(t*nz )U (% (n+1)7) <0
hold true for every integer n. The other conditions of Theorem 5.3.1 are

also met. O

Let us consider the function (5.1.4) and to denote with x, this zero

h
of (5.1.4), which is in the interval (( n-1/2)z,(n+1/2)x ). Then the

following theorem can be formulated.

Theorem 5.3.2. [32] Let f(l‘) be a function, satisfying the conditions of
the Hurwitz theorem (Section 5.1). Let additionally

a) f(t) be two times differentiable in the interval [0, 1];

0) ‘ f "(t)‘ be integrable in the Riemann sense;

B) f(1)f'(1)=0;

r) f(0)=0;
Then there exist a natural number N and a constant C>0, such that the
following inequalities

‘fn—(n+1/2)7r‘<C/n

, if V(f;(n+1/2)7Z)V'(f;(n+1/2)7r)>0,
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5.4 Generalizations

and

1%, - (n+1/2)z|<C/|n

n+l

, if V(f;(n+1/2)7[)V'(f;(n+1/2)7z)<0,

hold true, for every integer n with | n|> N.

5.4 Generalizations

Using the above method, generalizations of obtained theorems in Section
5.3 can be made.

Theorem 5.4.1. [32] Let f(l‘) be a function, satisfying the conditions of
the Hurwitz theorem (Section 5.1). Let there exist a natural number N
and positive constants Cy, Cy, Cy,a,, such that the following
inequalities hold true

U (fsnm)| <Gy W |0 (finm) |2 G/l

U"(fix)[ <G/

for every integer n and real x, with |n|>N and |x|>N.
Then there exists a positive constant C, such that

s if U(f;mr)U'(f;mr)>0

| X, —nz|<C/|n

and

P U(finz)U'(fsnr) <0,

| X1 —n7z|<C/|n

Theorem 5.4.2. [32] Let f(t) be a function, satisfying the conditions of

the Hurwitz theorem (in Section 5.1). Let there exist a natural number N

and positive constants Cy, Cy,Cy,a,, such that the following

inequalities hold true
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5 Zeros of Finite Hankel Transforms

V(fi(n+1/2)7)|<Co [l "7,

V'(f;(n+1/2)7r)‘2C1/|n|a,

pr(fx)|< G W
for every integer n and real x, with |n|>N and |x|>N.

Then there exists a positive constant C, such that

Lot v(f(n+12) 2 (fi(n+1/2)7)> 0

fn—(n+1/2)7r‘<C/‘n

and

%y —(n+1/2)z| </, if V(fi(n+ 1/ 2)a)(f3(n+1/2)7) <0,

5.5 The Distribution of the Zeros of a Class of Entire
Functions Involving Bessel Functions in the Kernel

of its Integral Representation

Let J,(2) be the Bessel of the first kind with an index v >—1. It is well
known that the function J,(z) is represented in the form
J,(2)=2"U,(2) in the domain C\(-,0) where U (Z) is an entire and
an even function. It is also known that U, (z) have infinite number zeros

and all of them are real. The distribution of the zeros of the entire

functions

1

Av(f;z)zj F(t)t" U, (zt)dt (5.5.1)
0
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5.6 Auxiliary statements

is investigated in this section. It is proved that under certain conditions of
very general character, imposed on the function /', the entire function

(5.5.1) has not more than finite number non-real zeros.

Similar problems concerning the zeros of entire functions, more

particular, than (5.5.1), have been considered by Polya [43], Tchakalov [63],

Obrechkoff [28], P. Rusev [51] and Kassandrova [11]. Further on, the

following auxiliary statements are used.

5.6 Auxiliary Statements
Lemma 5.6.1. [33] Let the following two infinite sequences of numbers be
given

(@) a, a0, ..., ap,... u (A): A Ay, . A, with
the properties:

1) The terms of the sequence (a) are different one another and
ordered so that  0<ay <ay,q for k=123,...;

2) The sequence (A) consists of nonzero numbers and it has finite
numbers variations, i.e. there exists a natural number N, so that
Ai Aiiq >0 for k>N;

3) The functional sequence with the general term being the rational
function

r(z)=7y +Zﬁ , 7€R,

z —ak
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5 Zeros of Finite Hankel Transforms

is uniform convergent in every bounded domain which does not contain

the points *a, (k=1,2,3, ...).

Then the limit function r(z)=lim r.(z) has infinite number real
n— o

zeros and not more than 2N+2 non-real ones. Moreover, r (Z) has finite
number multiple zeros and, the zeros of r( z) are separated by the points
ta, , from the certain place on.

In L. Tchakalov [63] , an analogous statement is proved. The proof of

Lemma 5.6.1 is carried out almost by the same way.

Let us denote, as it is commonly used, the zeros of U, (z) by

s Ehvas e Fhvko o (0<tfg<tfo<...)

and let y= min(—1 /2,v).

Lemma 5.6.2. [33] Let f (t) be a function, defined and bounded in the

interval [0, 1] and let J‘| f(t)|t# dt < co. Then the meromorphic function
0

A,(f32)/U,(z) has the following representation

2

1
:_[f( tdt—2zj kaJ”‘ . (5.6.1)
0 v,

v+l ]vk) Z = vk
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5.6 Auxiliary statements

Moreover, the series on the right hand side of the above equation is
uniformly convergent in every bounded domain which does not contain

any one of the points *j, (k:1,2,3, )

Proof. Let us denote
R(z2)=A,(f;2)/U,(2), A=vzi2+7/4,

14

and consider the contour integral

(5.6.2) In(z)zzjn_j ((iz—gzev(;)d;, neN,

G
where C,, is a positively oriented rectangle with the vertices at the points
ir( n+v/i2+1/4 )7r + in. We suppose that the complex number z is different
from the poles of R,(¢) and that n>|z|> 0. Under these conditions there
exists a positive integer N, such that for every n> N,, the only singular
points of the integrand inside in the contour C,, are the poles [28]:
(=0,{=2¢=%j,, (k=123 ...,n).

The following residues correspond to them:

1
A i
ResO=—j f(r)t"dt, Resj, , =— V(f ]V"k) —
) Jv,k Ui (]v,k ) 2= Jvik

Av(f;jv,k) ) z
Jik Uv+1(jv,k) 2+ vk

Resz = RV(Z), Res(‘ jv,k) =

By applying the residue theorem we get
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5 Zeros of Finite Hankel Transforms

2

1
f]vk z

- t dt+22 -

!f( P —

v+l .]Vk) z _jv,k

[t can be proved that when the natural number # increases infinitely,

then /,(z) vanishes. For this end, it is enough to show that there is a

natural number N, and a constant M, so that | RV(Z)| <M |1/2, when

¢ remains on any contour C, for n> N,.

For estimating ‘ R,(2)|, ,(z) in the form

1/‘{‘
jftU(g“t J'fl‘U(é“f)

¢ . (5.63
0.0 w© (63

Using the asymptotic formula (2.1.4) for { — o, we can estimate

R,(2)

any addend in (5.6.3).

First, let us consider |R,(z)| along the vertical sides of the
rectangle
C,: ¢ :i(n+V/2+1 /4)7zii77, -n<np<n.
Because of the evenness of R,(z) we can only consider the right

hand vertical side. Let us denote

Ll—sup|U , L, = sup |f(t)|
¢|=1 1€0,1]

We obtain consecutively

84



5.6 Auxiliary statements

1|¢| e
jtfﬁ)zVU;(gz)dt v jtfp)tVU;(gz)dt

0

U,(¢)] 17,(9)]

e
‘é,‘v+1/2 J‘ ‘f(l‘)tv Uv(é»t )‘dl‘
0

SJz/_;z chny|1-ithnO(1/|¢])|

Depending on the value of v we can consider the following two cases:

1) v>0.Then t"<[{|™" and therefore

e e
“f(t)tvUV(gt <L Idt:Lle‘g‘_V_l.
0

0

2) v <0. Then v +1/2<1/2, from where we have the inequality

v+1/2 1/2
<|¢]

¢

1
. Further, letting L, :I ‘f(t)‘tvdt , we get
0

/<] ¢ |
IVVV%U@”VﬁLlﬂﬂwﬂWSQ%°
0 0

Let us note that chz; >1 and there exists a natural number N5, such

that ‘1—ith77 0(1/\4“\)‘21/\/5 for every n> Nj. If we denote

| L, 7, for v>0
N LlL3ﬁ, for v<0 .
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5 Zeros of Finite Hankel Transforms

we conclude that
1/|< |
I f(2)t" U, (¢t )dt

0

Now, let us estimate the second addend. We have
1 1
If(t)tVUv(gt )dt If(t)t "2 (cos(¢t—A)-sin(¢t—1)O(1))dt
1/|¢ | _ 1/|<|
U,(¢) (~1)" chn(1-ithpo(1/|]))

Knowing that ‘Cos(g“t—/i)‘ <chp and ‘sin(g“t—/l)‘ < chp, we get that

there exists a constant L, such that

Jf(t)tVUV(é't)dt
1/‘{‘

1
< J“f(t)‘t‘”z dt for n> Nj.

U () i

In analogous way, for the horizontal side of the rectangle:
C,:.¢=¢tin, —nn—A<é<nm+ A,
There exist positive constants P, Q and a natural number N,, such that

for every n> N, the following inequalities hold true:
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5.6 Auxiliary statements

1/|< | 1
j £(0) U, (¢ ) f F(0)e U (¢t )
0 1/|¢]

<P,
U, (9)

Let us denote N, =max(N3, Ny) u Lg= L4j ‘f(t)‘t‘”z dt. Let also

n>N, and M =2max(L,P,Q,Ls). Letting the point £ located on the

contour C, it follows that | R,(z)|< M| 5\1/2

Finally, let N =max(Ny, N,) and n>N. Bearing in mind (5.6.2),
we get for |/,(2)| that

4n+(2n+2v+1)7z

‘]n(z)‘SM 27172'(71—‘2‘)

((mz + 1)2 +n? )1/4‘ Z‘ = O(n_l/z).

The upper limit for ‘I ,,,(z)‘ obtained above, vanishes when n— .

Therefore

1
2
)= st rdr—zz] Uf’”‘
0 v,k

v+1 ]vk) Z = Jvik

The last to note is that the series on the right hand side of the equality
above is uniformly convergent in every bounded domain which does not

contain any of the points +j, , (k=1,2,3, ) O
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5.7 Distribution of the Zeros

As it has been said in the begin of this chapter, under certain conditions of
very general character on the function f, the entire function (5.5.1) has at
most finite number non-real zeros. The zeros distribution is given by the

theorem below.

Theorem 5.7.1. [33] Let f(t) be a real-valued function, defined and

differentiable in the interval [0, 1] and let
1 1
[[f@|Pdi<o, [|f'@) " 2dt<0, ana £(1)=0.
0 0

Then the function (5.5.1) has at most finite number of non-real zeros and
infinite number real ones. Besides, (5.5.1) has only finite number multiple
zeros. From a certain place on, the zeros of (5.5.1) are separated by

tj,x (k=123 ..).
Proof. Let f (t) satisfies the conditions of the theorem. Let us

denote:

C _ Av(f;jv,k)
v Uv+1 (jv,k)

It can be proved that from a certain place on, the inequality

. (5.7.1)

C, k C, x+1 > 0 holds true. To this end let us represent (5.7.1) in the form
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5.7 Distribution of the zeros

l/jv,k

ff(f)tVUV(jv,kr)dt jf(f)f”Uv(jv,kr)dr

1/jv,k

C +

vV,

Uv+1(jv,k) Uv+1(jv,k)

and let us have in mind the asymptotic formula (2.1.4). After integration
by parts and using the denotations:
Sy k = f(l/jv,k) Jv+1(1)9

1

Sys = I(f'(t)t‘“z —f(e)e ™" 0(1)) sin(jv,kt—/i)dt :

Vjyk
We get
Vj,x
J‘f(t)tVUV(jV’kt)dt
0
Uv+1 (jv,k)
Vj,x
Sv,k - .[ Jv+1 (jv,kt)(f'(t)_(v"i'l)fgt)) dt
= 0 N7/l 2,
| R . 1
i (Sln(]v,k —ﬂ)+COS(]V’k _l)O(jv,k)]
and

1
f(t)tVUV(jV’ t)dt
1/}‘:,,( k B f( Sln(]vk ) mf(l/hk)

Uv+1(jv,k) ) Sm(Jv,k /1)+COS(]v,k /1)0(1/]%/()
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5 Zeros of Finite Hankel Transforms

The functions f'(¢)¢ ™", f(¢)t™? are integrable in the interval [0,1], so

that !mc]) f(t)t_1/2:0 and the function ‘f’(t)—(v+1)f(t)/t‘
-

bounded one. Additionally

1
lim S, = lim | (/'(¢)e 72 = f(¢) e 2 0(1)) sin(j, ,1— 2)dt =0,

k— o0 k—
1/jv,k

And since [28] the Ilimit lim (jv’k —(k +v/2- 1/4)7[) =0, then

k— o0

lim sm( Jv (V7r/2+7r/4))‘=1. Therefore, there exists a natural
k— o0

number N, such that for every k>N we have signC, , =sign f(1).

Let us consider again the equality (5.6.1) and let us denote

1
r=[ sy 22 i)
0 Jkav+1 Jvk)

It 1s obvious that ‘7/ ‘ < 0. We have

Av(f;z) C Cvk
U,(z) ; z? —15,k
Therefore, due to Lemma 5.6.1, the function 4,(f;z)/U,(z) has

not more 2N +2 non-real zeros. The other details of the proof follow from

Lemma 5.6.1. O
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6 Mathematical Model of Non-
Stationary Heat Convection of
Power-Plant of Non-Piloted Flying
Devices

6.1 Introduction
When solving a number of non-stationary problems of the heat
convection theory, it is needed to find the dependence of the
temperature field on the time at set geometrical sizes and physical
characteristics of the body. The temperature field in a given initial
moment of time is accepted as known.

At absence of a heat source, the equation of heat conductivity is

described by the Fourier differential equation [25]:

T ‘T 8T o°T
0 :a(a 0 0 ] (6.1.1)

or ox’ " oy’ ’ oz’

When using an analythical method, the equation (6.1.1) is
integrated at the corresponding conditions of uniqueness, but it is
considerably complicated even for bodies with simple geometry, like
a flat plate, a thick cylinder, etc., and the results are usually not

convenient for practical use.
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6 Mathematical Model of Non-Stationary Heat Convection
of Power-Plant of Non-Piloted Flying Devices

In relation to the solving of problems with finite limits of
variation of variables, a developed method of finite integral
transformations is given in [24].

In particular, when solving the problem of defining the non-
stationary temperature fields for a hollow axially symmetrical cylinder
in set boundary value conditions of third kind on the inner and outer
surface, the following Hankel transformation is used (see Liykov [24])

R,
H[T(r,z,r)]: ;!.T(r,z,r)rUO(,um %z])dr,
where U, 1s a linear combination of Bessel functions of first and

second kind, and , — roots of the equation

Uyt _ xu
U,(xw) B,

Comparing the mathematical methods of evaluations of the

(m=1,2, ...).

temperature fields for bodies with a different geometrical shape, the
purpose of the current work is to make a mathematical model of the
non-stationary temperature fields of power-plant combustion
chambers in non-piloted flying devices, working in the conditions of

strong throttling.

6.2 Mathematical modeling of non-stationary heat
convection of a power-plant with
a liquid-rocket engine
Transitional work rates of liquid-rocket engines (LiRE), i.e. mainly

the rates of starting and stopping, represent interconnected non-



6.2 Mathematical modeling of non-stationary heat convection

of a power-plant with a liquid-rocket engine

stationary processes in the gas-generating system, the combustion
chamber and the turbo-pump aggregate, which impose a series of re-
strictions, serving the safety and reliability of the power-plant as a
whole.

Along these lines, in the literature different methods -
analytic, numeral and mixed, are described. A comparison about their
precision and duration of accounts is made in Delft University of
Technology - The Netherlands [62]. Four theoretical models are
compared: analytical, numeric-analytical, approximately analytical,
and numerical integration. The engine chamber is divided into
separate circle segments, in each of which the heat stream is radially-
only distributed and in the initial moment of time the temperature in
the volume is constant. The precision of results obtained and the loss
of computing time are accepted as criteria of effectiveness. The
approximate analytical model is the most effective if the ratio of the
thickness of the chamber wall to the radius is small enough. The
analytical method based on integration of the Fourier heat transfer
differential equation under the given conditions of uniqueness has
proved to be the most precise for the comparison. But it is too
complicated, especially for bodies with composite geometry or more
complex initial and boundary conditions.

Also, a purely analytical solution of the so-called initial heat
amplitudes 4; containing a combination of the Bessel first kind func-
tions is found, and the precision is great even for high values of the

time 7, for reversed value of the combustion chamber wall thickness
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6 Mathematical Model of Non-Stationary Heat Convection
of Power-Plant of Non-Piloted Flying Devices

about 0,5. The precision of the rest methods is great enough, so it is
not considered a determinant for the choice of a certain method [62].

The non-stationary temperature fields (in a LiRE combustion
chamber with a small pulling power) working at an impulsive rate are
researched in the so-called “post-effective” period, when giving out a
command for ending the load of combustion components described in
the paper [48].

In the current work a mathematical model is made of the non-
stationary heat convection in combustion chambers of power plants of
non-piloted flying devices permitting to predict the heat condition and
to increase their reliability.

When throttling LiRE-s, which are not made to work at such
rates, it is very important to determine the non-stationary temperature
fields and the combustion chamber wall temperature (from the cooling
component side) at certain conditions and type of the power-plant. At
such work rates the cooling component considerably decreases which
creates a danger of overheating the combustion chamber.

Besides, the combustion chamber with the inner and outer
surface radiuses, respectively R; and R, in an initial moment of time
79, has one and the same temperature 7). At a moment of starting the
engine it is heated by the powerful convection a ray stream of the hot

gases for which it is accepted to have a constant temperature 7.

Let us make the following suggestions:

e the combustion chamber is made of a homogenous isotropic

material;
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of a power-plant with a liquid-rocket engine

the volume expansion caused by the change of temperature is ac-

cepted as little enough to be ignored;

the thermal physical properties of the wall material, and particu-
larly the heat convection coefficient A,, density p,, thermal ca-

pacity ¢,, in the working temperature field are constant;

the curve of the combustion chamber in the area of the critical
cross-section and the nozzle is disregarded;

there are set conditions of third kind on the inner and outer com-

bustion chamber wall.

The generated heat transfer on both chamber sides is different
and does not vary in axial direction. The temperature field 7(z) in a
non-stationary case is described by the heat transfer differential equa-

tion taken in cylindrical coordinates, and in particular

oT o°T 10T
= +—— | 2.
ot a(ﬁfz r 8?] (621
In a dimensionless form it looks like
o00\r, F. o0’0(r, F 1 00\r,F
(r.Fo)_&°6(7,Fo) 1 26(r,Fo) 622

OFo or’ oo
where T is the cylindrical chamber temperature at a distance » from
the axis, in a moment of time z;
¥ =r/R, - relative radius;

T-T
O(r)=——2"
(0)=7—

g 0

:(D(%’FO’NMJ - dimensionless cylindrical chamber tem-

perature;
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Fo="2L
R

— - Fourier criterion;

2
a— temperature transfer coefficient;
7- time;

R, — outer chamber surface radius;

aR
Nu,, = /1—12 - Nusselt criteria on the respective chamber wall side (the

cooler);
a - temperature conductivity coefficient;
A — heat transfer coefficient of the chamber constructing metal;
The uniqueness conditions, which give a full mathematical
description of the process together with (6.2.1):

o geometrical conditions: M <r <I;
o physical conditions: « =const, a=const, 1, =const;
e initial conditions: 8(7,0)=0;

o boundary conditions:

00(M. Fo) _ Nu,[6(M,Fo)-11._,,;
or

@ =—Nu,[0(1,Fo)-6;]._,.
r

The Nusselt criteria on the boundary ‘“hot gases — inner
chamber side” and respectively on the boundary “outer chamber side

— cooler” are:

a..R R
NZ/l]: 1’ Nuzzaf 2.
A

w w
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of a power-plant with a liquid-rocket engine

cooler

inner

wall wall

Figure 6.2.1. A cross-section of a liquid-rocket combustion chamber

The idea is to use a Hankel finite integral transformation for a
hollow axially symmetrical cylinder with boundary conditions of the
third kind on the inner and outer combustion chamber side in the form

(Liykov [24]) with a kernel Vy(5 r):
1
6(5,Fo)=H|O(F,Fo)] I (7, Fo)V, (o )dr,
M

V() =167, (M8) + Nuw Y, (MS)|1, (&) 5.1, (M) + Nuy 1, (MS ), (),

where 1)(S r) and I,(S r) are the modified Bessel functions of the first

kind, and Y, (8 r) and Y, (5 r) — the Bessel functions of the second
kind.

If in addition to this V(S r) is the linear combination of

Bessel functions of the first and the second kind:
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Vl(é?):[é‘YJ(M5)+N”1Y0(M5) I(&)_[5II(M5)+NMIIO(Mé‘)]YI(é?)’

then s represents the positive roots of the characteristic equation
oV,(6)—Nu,V,(6)=0.

Such a solution is used for predicting the heat condition of not
refrigerate-liable power-plant combustion chambers with small pull-
ing power and impulsive action (Prysnyakov, Serebryansky [48] ).

In this case, we use the Hankel transformation for evaluation
of the non-stationary chamber temperature fields in a strongly throt-
tled engine with outer regenerative cooling in a moment of starting.

Applying the Hankel transformation and the respective
boundary conditions to the heat transfer equation and after integration
with respect to the variable subject to exclusion, as a result instead of
a partial differential equation for the original of the function, an
ordinary first order differential equation for the image 6(s5,Fo) of the

function 8(7,Fo) is obtained, and namely

-
A——+0 =Kgqy;
dFo ’ I
0(0)=0;
1 1
A= 57 K = ?[MNulV0 (M5 )+ Nu,o.v,(5)). (6.2.3)
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of a power-plant with a liquid-rocket engine
Very important in the further explanation are the positive

roots O, (i=1,2,3,...) of the charecteristic equation

Vi(8) I
V,(5) Nu,

(6.2.4)

The total heat stream ¢y 1s a single entry signal of an inertion

system, whose dynnamical qualities are described by equation (6.2.2).
We accept the system is subjected to the action of a rectangular

impulse with an amplitude K and a period Fo. The reaction is an

exponent which after returning to the original is [48]:

0(’7’%):?‘ V,(8;7)0(8;,Fo)
R

N P A Vi 27 (6.2.5)
+ ;J ]Vo(é‘i)—ﬂzlu(&ilj ]

6(5.,Fo)= K|l —exp(— Fo/4)] . (6.2.6)

The right side of equation (6.2.4) is an equation of a straight
line of the type y=kx. When the criterion Nu, — oo (practically for
Nuy;>100), k— 0, a— 0 , i.e. the straight line matches with the
abscissa, the characteristic equation roots are determined by

Vy(5)=0.

For a given value of M on the system Maple V for Windows,
the characteristic equation roots for different values of the Nusselt
criteria on the outer chamber wall can be found, i.e. in dependence on

the heat stream, the geometry and the coefficient of the wall heat

conductivity.
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For this purpose, it is useful to localize first the positive roots
of the charecteristic equation (6.2.4). Thus it is enough (fig.2) to

Vo(0) _ 6
Vi(6)  Nu,

represent graphically the function for several values of

Nu; and Nu,.

A more detailed view (fig. 3) shows that for all considered
values of Nu; and Nu,, the roots of the charecteristic equation (6.2.4)
are “close” to those in fig.2.

After that the first 5 charecteristic equation positive roots for
Nu; =2x (k=1 +50) and Nu, = 100l (1 =1 =6, 1 =1, 2, 3, 4,
5,...,15) are tabulated. Also, the first 5 positive roots of the equation
Vo(0)=0 are found. The analysis of the obtained results confirms the
suggested conclusion, that with the increasing of Nu, the tabulated
roots of the charecteristic equation (6.2.4) approximate to the roots of
the equation V(9)=0.

Let us substitute (6.2.3) and (6.2.6) in the equality (6.2.5) and

I(g”mw{]@”

Then, the equality (6.2.5) for the sought dimensionless

denote

VV!’(F’&): {

temperature can be represented in the form

o] 1
O(F,Fo)=> W.(76,)K(I1 — exp(~ Fo/ 4,)), where 4; = 57 (6.2.7)

i=1 l
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of a power-plant with a liquid-rocket engine

2 B G =] ||'1III 12 14 MG 18

-0+

154

204

254

Figure 6.2.2. Localization of the first 5 positive roots of equation
(6.2.4) for Nu; =2, Nu; = 38, Nu, = 100 1n a diapazone

from 0 to + 18 (values on the axe y from -25 to +5)

Therefore the problem is to find the function W;(7,8,) in
dependence on the heat transfer conditions of the two chamber wall
sides. These values can be tabulated or graphically represented, which
allows us to define the function W;(7,8,) for different heat streams and
coolers, used for given liquid-rocket engines.

Note that the distribution of the function W,(7) for different
gas stream temperatures in the combustion chamber and the nozzle,

and different Nousselt criteria on the inner and outer surface is

graphically shown in fig. 6.3.1.
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Figure 6.2.3. Localization of the roots of equation (6.2.4) for
Nu; =2-100 and  Nu, = 1500 in a diapazone form 0 to + 10

6.3 A discussion of the obtained results

The intensity of heating in a liquid-rocket engine combustion chamber
in a moment of starting is characterized by the speed of the relative
temperature increasing, defined by the formula

T-T
Or)=—>
(v) T T (6.3.1)
g
where 7(7) is the current value of the temperature in a moment of z; T
— the initial temperature of the elements in the chamber construction;

T, — the temperature of the medium (the gas steam).



6.3 A discussion of the obtained results

Nu2=100

Nu2=200
Nu2=300
Nu2=400
L R Nu2=500
10 11 12 13 14 15

Nu2=600

Nu2=700

Nu2=800

Nu2=900

Function W(delta , r/R,., Nu,, Nu,)

NU]: 1- 50

Roots of the characteristic equation delta ;

Figure 6.3.1. Graphical representation of the function ,(7,5,) for roots of

the characteristic equation o, € (2,16) and the Nusselt criteria,

Nu;=1-50 and Nu, =100 - 1000

In the current Chapter is done a modeling of non-stationary
temperature fields in the liquid-rocket engine chambers with a regen-
erative cooling of non-piloted flying devices, based on the use of the
Hankel transformation for solving the heat conductivity differential
equation for the respective boundary conditions and uniqueness.

The roots of the characteristic equation, whose solving is done
on the CAS Maple 13 for Windows, are tabulated in dependence on

different values of the criterion Nu;. The dependence of o; on the crite-
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rion Nu; 1s considerably weak and for values of Nu, larger than 100,
o; does not depend on it almost at all.
Tabular and graphical dependences are created, such that al-

low to define the functions W.(75,) for given conditions of the heat

conductivity on both sides of the chamber walls and geometry of dif-
ferent liquid-rocket engines.

With the help of the functions ,(7) can be found the distribu-

tion of §(r) by formula (6.3.1) in dependence on the roots of the char-

art

acteristic equation ¢&; and the Fourier criterion Fo=—,

2
where a is a heat transfer coefficient of the chamber material [w/m’K];
7— the current time [sek];

R, — the chamber diameter or the nozzle from the side of the cooling
liquid [m].

Thus, we can prognosticate about the intensity of heating in
the chamber or the nozzle of liquid-rocket engines in starting rates and
reaching an almost “stationary” rate.

The modeling by using the Hankel transformation allows sug-
gesting about the heat condition of the combustion chamber construc-
tion elements in power-plants, working at rates that differ from the
standard ones, and to find preliminarily some singularities of their
heat load at starting rate, considerably influencing the strain-
deformational condition and the reliability of the power-plant as a

whole.
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